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Abstract 

This article deals the development of the number of periodic solutions for ordinary differential 

equations.We investigate the focal values for first order non-autonomous differential equation for 

periodic solution from a fine focus .Periodic solutions with polynomial coefficients are executed 

for classes 𝐶11,4, 𝐶11,5 and 𝐶11,6.Limit cycles are found .We present a variety of polynomial classes 

along with their bifurcation analysis  which confirms the generality and authenticity of the method 

presented 

 

Introduction 

David Hilbert gave 23 problems [1] to the second international congress of mathematicians in 

Paris on August 8, 1900. The sixteenth issue was subject of geography of arithmetical bends and 

surfaces . It has two sections. Hilbert proposed a point by point investigation of relative places of 

various parts of arithmetical bends in nth-request vector fields in initial segment. In second part, 

Hilbert mentioned upper bound of number of limit point not really set in stone and their relative 

situations in n-dimensional polynomial vector fields. This sort of issue is pertinent to dynamical 

frameworks and common differential conditions. 

In Hilbert's sixteenth problem, limit cycle hypothesis assumes significant part. The confounded 

contributor to issue is deciding number of limit point cycles for differential conditions. Poincaré 

previously found and presented limit cycle wonder in his four-section article fundamental bends 

portrayed by differential conditions [2-5], which was distributed somewhere in the range of 1881 

and 1886. Poincaré additionally found that examination of cutoff cycles and arrangements of 

worldwide primary issues of a group of essential bends of differential conditions had a cozy 

relationship. 

 Bendixson later stretched out his work to incorporate notable Poincaré-Bendixson hypothesis [6] 

on the limit point set number of directions in limited space of dynamical frameworks. The 

development of triode vacuum tube, which could create consistent self-invigorated motions of 

steady adequacy, was the spurring power behind the investigation of breaking point cycle 

hypothesis. It was noticed that straight differential conditions don't satisfactorily clarify this type 

of swaying. Van der Pol toward the finish of 1920's, clarify the motions by built a differential 

condition for a triode vacuum tube with a steady adequacy. A wide range of dynamical frameworks 

have normal arrangements. They are a gathering of self-supporting motions in model frameworks. 

Additionally, as such, even without outside impacts these cycles sway. For instance, consider the 

Holing-Tanner hunter prey model [30]. This model will in general be seen in very much like hunter 

prey species e.g., in house sparrows and other regular creatures, for instance, Europe's sparrow 

peddles, the Central North's muskrat and mink, in Ontario, Canada, white-followed deer and 

wolves can be found. The beat of a heart, internal heat level rhythms, chemical emission, suddenly 

swaying synthetic responses, and vibration in extensions and plane wings are on the whole 

instances of self-energized wavering. Breaking point cycle hypothesis has been concentrated by 

physicists, and all the more as of late by scientific experts, researcher, and architects, because of 
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inescapable event of cutoff cycles in science and innovation. The differential condition of structure 

is thought of.. The differential equation of  form is considered. 

                                      
𝑑𝑧

𝑑𝑡
= 𝑠0(𝑡)𝑧

3 + 𝑠1(𝑡)𝑧
2 + 𝑠2(𝑡)𝑧 + 𝑠3(𝑡)                                       (1.1.1)  

In above equation z is complex and 𝑞𝑖’s real valued functions. 

 This form (1.1.1) is like as  

                                       
𝑑𝑧

𝑑𝑡
= 𝑠0(𝑡)𝑧

𝑛 + 𝑠1(𝑡)𝑧
𝑛−1 +⋯+ 𝑠𝑁(𝑡)                                         (1.1.2)  

Some attention within  literature has been observed by such a class of equations with 𝑠0(𝑡) = 1. 

Differential equation’s types (1.1.1) appeared in  studies of Abel's differential equation [7-9]. This 

type of differential equation is of particular interest due to reference to Hilbert's Sixteenth problem 

for polynomial differential system of equations. 

 

𝑥̇  =
𝑑𝑥

𝑑𝑡
= 𝑋  (𝑥, 𝑦) 

𝑦̇  =
𝑑𝑦

𝑑𝑡
= 𝑌  (𝑥, 𝑦) 

 X  and Y are polynomials in x and y. 

A limit cycle is  periodic orbit isolated from all periodic orbits of  planar differential system. 

We have a premium inside second piece of Hilbert's Sixteenth's concern which is about most 

extreme number of cutoff patterns of framework (1.1.3) which can bifurcate from beginning or 

number of occasional arrangements which can be produced from z=0 under annoyance of 

coefficient for condition (1.1.1). We'll clarify Hilbert's Sixteenth issue for condition (1.1.1) in 

segment (1.2).  

It was displayed in [5] and [13] that when q_0 (t)=1. Then, at that point Abel's condition (1.1.1) 

has assortment is intended for precisely three intermittent arrangements. In any case, 

neighborhood question related to Hilbert's Sixteenth issue is decreased to polynomial differential 

condition in which q_0 (t) has zeros. 

For this case results of [23], for no additional time hold; indeed, Lins Neto [13] has been examined 

an illustration of the quantity of intermittent arrangement choices for condition (1.1.1) which 

confirm that there exist no upper bound except if a few restrictions are forced on the coefficients. 

Consequently, we thought about various classes in part 3 of thesis. 

In meeting of  congress of mathematician which was held in Paris in 1900 Hilbert’s [5] give a list 

of 23 problems. Sixteenth problem was concerned with the system of type 

                                                         
𝑑𝑥

𝑑𝑡
= 𝑅(𝑥, 𝑦)                                                                         (1.2.1)                        

                                                  
𝑑𝑦

𝑑𝑡
= 𝑆(𝑥, 𝑦) 

in above equations R and S are 𝑛𝑡ℎ degree polynomials. Hilbert's sixteenth problems are used to 

determine the number of limit cycles which given system can have in terms of n and their possible 

relative positions. More formally let 𝜋(𝑝, 𝑞) enumerate limit cycle of system (1.2.1), and we 

define 

                       𝐻𝑛 =𝑠𝑢𝑝 𝑠𝑢𝑝 {𝜋(𝑟, 𝑠): 𝑑𝑒𝑔𝑟𝑒𝑒𝑅, 𝑑𝑒𝑔𝑟𝑒𝑒𝑆 ≤ 𝑛}                                                 (1.2.2) 
Presently Hilbert's concern is utilized to give end to H_n in term of n and simultaneously we get 

data about the conceivable setup of cutoff cycle. Such sort of issue has ended up being undeniably 

challenging. The most extreme conceivable number of breaking point cycle is yet not known, in 

any event, for the case n=2. The essential job to explore Hilbert's Sixteenth issue was in 1952, 

when Bautin ended up being out of a balance point by bifurcating three cutoff periods, that is 

H_2≥3 [5]. In the year of 1955 Petroviskii and Landis claimed that 𝐻2 = 3.  

In the extended time of 1955 Petroviskii and Landis asserted that H_2=3. In any case, in no time 

a while later they pulled out their confirmations. It had been until 1979 when the instances of the 
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quadratic framework with something like four breaking point cycles were created by Shi and 

different mathematicians, subsequently H_2≥4. At the point when P and Q are symmetric cubic 

polynomials, H_3=5 it was displayed in reference [23] that five is most extreme number of cutoff 

cycles that can bifurcate out of beginning. For general cubic framework it is presently referred to 

that upwards of eight breaking point cycles can bifurcate. Concerning assessing H_3 without 

limitation of little adequacy limit cycles, N.G Lloyed have shown that H_3≥11 by considering 

bifurcation of breaking point cycles for certain Hamiltonian framework [23-25]. 

In 1923, Dulac proposed that such polynomial framework couldn't have proceeding with limit 

cycles. His evidence was observed to be inadequate and is as of late that Dulac's hypothesis has 

been demonstrated.  

A couple of years prior, Boman showed that quadratic framework can't have proceeding with limit 

cycles and presently French mathematicians, Ecall, Martinet, Mussy and Ranis have given a proof 

in everyday case. They utilized some refined thoughts concerning non focalized power series 

(1.2.1) are frequently composed as 
𝑑𝑥

𝑑𝑡
= ƛ𝑥 + 𝑦 + 𝑅𝑛(𝑥, 𝑦) 

                                                           
𝑑𝑦

𝑑𝑡
= −𝑥 + ƛ𝑦 +

                                                                                                𝑆𝑛(𝑥, 𝑦)                                                 (1.2.3) 
It can be transformed to non-autonomous equation 

                                                             
𝑑𝜌

𝑑𝜃
= Ϭ(𝜃)𝜌3 + ϐ(𝜃)𝜌2 − ƛ(𝑛 − 1)𝜌                                   (1.2.4) 

using the transformation (1.4.3), which we will explain in section (1.4). Note that limit cycles of 

(1.2.3) assimilate to 2𝜋 periodic solution of (1.2.4). Hence Hilbert's problem is now to seek out 

the 2𝜋 periodic solution of (1.2.4). Therefore, we have an interest in this thesis to seek out periodic 

solutions of equation (1.2.4). For n=2 Lins Neto [13] has proved the following proposition. 

1.2  Proposition 

The sixteenth problem of Hilbert for degree two equation in plane can be reduced to the problem 

of finding the maximum number for closed solution of the equation. 

                        
𝑑𝜌

𝑑𝜃
= Ϭ(𝜃)𝜌3 + ϐ(𝜃)𝜌2 − ƛ(𝑛 − 1)𝜌                             

                                                                 0 ≤ 𝜃 ≤ 2𝜋 

where Ϭ(𝜃) and ϐ(𝜃) are homogeneous polynomials in 𝑐𝑜𝑠(𝜃) and 𝑠𝑖𝑛(𝜃) of degree six and three 

respectively, ƛ is a constant. 

Indeed, Lins Neto [13] has given example which demonstrates there exist no upper bound for the 

number of periodic solutions of (1.4.4) until, that the constant number (coefficient) is properly 

limited. The important answerable inquiry is that the many achievable number of periodic 

solutions for different classes of coefficients. For the existence of periodic solutions, we’d need 

Poincare Bendixson Theorem which we are going to state in next section. 

1.3 Poincare Bendixson theorem 
"In the event that the framework yielded (1.1.1) has an answer that stays in a limited district and 

doesn't arrive at a state of balance, then, at that point either the arrangement is an intermittent 

circle itself or it twistings towards an occasional arrangement".  

 

Henceforth it is feasible to show legitimacy of cutoff cycles by exhibit a limited locale inside 

directions be left and that doesn't have a balance point. It goes next that a particularly limited area 

will not be effectively joined on the grounds that a cutoff cycle should have a harmony point in 

its inside.  

The second strategy for demonstrating presence of breaking point cycles includes some sort of 

bifurcation procedures. "Bifurcation" is a marvel related with trade of arrangement security on 
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account of coefficients of X and Y are shifted to such an extent that an answer switches steadiness, 

then, at that point when the arrangements lose its strength, it branches into at least one 

arrangements. The quantity of cutoff cycles which bifurcate from a fine spotlight relies upon how 

close the basic point be a middle since then bifurcation stops and bifurcated cutoff cycles vanish. 

Along these lines there is a necessity for tests for a basic highlight be a middle which we will give 

in next section (See additionally [15]).  

In the following area we are having the chance to talk about the change which we used to 

change the framework (1.1.1) to non-independent first request differential condition. 

                                                          
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 + 𝛾(𝑡)                                             (1.3.1) 

and the connection between (1.3.1) and 

                                                   
𝑑𝑥

𝑑𝑡
= ƛ𝑥 + 𝑦 + 𝑅𝑛(𝑥, 𝑦) 

                                                   
𝑑𝑦

𝑑𝑡
= −𝑥 + ƛ𝑦 + 𝑆𝑛(𝑥, 𝑦)                              

is discussed in next section. 

1.4   Polynomial system and Abel's equation 
We have an interest to determine the number of periodic solutions of equation (1.2.4). We all know 

that system (1.2.1) can be written as 

                                                          
𝑑𝑥

𝑑𝑡
= ƛ𝑥 + 𝑦 + 𝑅𝑛(𝑥, 𝑦)                                               (1.4.1) 

                                                          
𝑑𝑦

𝑑𝑡
= −𝑥 + ƛ𝑦 + 𝑆𝑛(𝑥, 𝑦) 

In above equation 𝑅𝑛 and 𝑆𝑛 were also degree n homogeneous polynomials. 

We use transformation  

                                                           𝑇: (г, 𝜃) ⟶ (𝜌, 𝜃)                                                             (1.4.2) 
where 

                                                         𝜌 = г𝑛−1(1 − г𝑛−1𝑔(𝜃))
−1

                                        (1.4.3) 

It is defined in an open set 𝐷 = {(г, 𝜃), г𝑛−1𝑔(𝜃) < 1} containing the origin. 

This transformation has been used in a number of investigations [15] and [21] in polar coordinates 

system (1.4.1) becomes 

                                                              
𝑑𝑟

𝑑𝑡
= 𝜆г + г𝑛𝑓(𝜃),

𝑑𝜃

𝑑𝑡
= 1 − г(𝑛+1)(𝑔(𝜃))                     (1.4.4) 

where 𝑓(𝜃), 𝑔(𝜃) are polynomials in 𝑐𝑜𝑠𝜃 and 𝑠𝑖𝑛𝜃 of degree n + 1. 

In the 𝑐𝑎𝑠𝑒 𝑛 = 2 the transformation (1.2.2) appears to have been exploited firstly by Lins Neto 

[13]. Differentiating (1.4.3) w.r.t 𝜃, we get 

                                                           
𝑑𝜌

𝑑𝜃
= Ϭ(𝜃)𝜌3 + ϐ(𝜃)𝜌2 − ƛ(𝑛 − 1)𝜌                                   (1.4.5) 

where 

Ϭ(𝜃) = −(𝑛 − 1)𝑔(𝜃){𝑓(𝜃) + ƛ𝑔(𝜃)} 
ϐ(𝜃) = −(𝑛 − 1){𝑓(𝜃) + 2ƛ𝑔(𝜃) + 𝑔(𝜃)} 

 From the equation (1.4.6) it is clear that the transformation (1.4.3) can be written as 

                                                                        г𝑛−1 =
𝜌

1 + 𝜌𝑔(𝜃)
                                                       (1.4.6) 

The transformation maps 𝑟 = 0 to 𝜌 = 0, г > 0 to 𝜌 > 0 and a neighborhood of г = 0 to 

neighborhood of 𝜌 = 0, provided 𝜌 > 0 and 1 + 𝜌𝑔(𝜃) > 0  ∀ 𝜃. It is simple to verify that the 

system given in (1.4.2), the point of equilibrium at the origin relate to the constant solution 𝜌 =
0 of (1.4.5) and low frequency limit cycles of (1.4.1) relate to periodic solution of 2𝜋 of (1.4.5) 

with  𝜌 small and positive. 
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 2-Periodic solutions generation process 
We start this segment by thinking about a non-independent differential equation of first order of 

the given kind  

                                                         
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 + 𝛾(𝑡)                                              (2.1.1) 

in above condition z is complex yet t stay as vaiable and the Ϭ, ϐ and γ are  real coefficients . To 

look for data identified with number of arrangements we fixed the ω ∈R which satisfy the 

necessities of intermittent limit condition. 

                                       𝑧(0) = 𝑧(𝜔)                                                                                     (2.1.2) 

The coefficients given in condition (2.1.1) are occasional if the Z is complex. We have particularly 

interested in the circumstance when we select ω =1 and α and β are polynomials in t. Equation  

(2.1.1) shown that it has various occasional arrangements as the given genuine condition. 

                                    
𝑑𝜌

𝑑𝜃
= Ϭ(𝜃)𝜌3 + ϐ(𝜃)𝜌2 − ƛ(𝑛 − 1)𝜌                                   

Our first concern is to discover the way in the examination of number of intermittent arrangements 

of the above condition (2.1.1) is to bode well which arrangement are developed or destructed, 

focal interest in our work is bifurcation. We need to make upper limit by which a given 

arrangement can bifurcate for given number of periodic solutions. 

It has been seen in [15] that an answer may parts into all things considered μ remarkable periodic 

solutions that has assortment μ. To figure the assortment of beginning z = 0 , the cycle that we 

utilized is straightforward and discussed in [13 - 15] . To accomplish fulfillment, we'll portray it 

in next section (2.2).  

2.2 Computation of the beginning's assortment  

 

The assortment of z = 0 as the arrangement of  

                                                          
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 + 𝛾(𝑡)                                             (2.2.1) 

is the multiplicity of 𝑧 = 0 as the zero of the displacement function. 

                                                          Զ𝑝; 𝑐 ⟶ 𝑧𝑝(𝜔; 0, 𝑐) − 𝑐      

Above function already have a definition and for an open set containing the origin is holomorphic. 

Now we want to explain a method which is used to compute the multiplicity of 𝑧 = 0 for 

 0 ≤ 𝑡 ≤ 𝜔 and c in the neighboring of 0, we should write 𝑧𝑝(𝑡, 0, 𝑐) as a power series. 

                                                         𝑧𝑝(𝑡, 0, 𝑐) = ∑∞
𝑛=1 ą 𝑛(𝑡)𝑐

𝑛 

where 

                                                                 ą1(0) = 1 and ą 𝑛(0) = 0 if 𝑛 > 1 

Thus 

                                                                 Զ𝑝(𝑐) = 𝑧𝑝(𝜔, 0, 𝑐) − 𝑐    

                                                                    = ∑∞
𝑛=1 ą𝑛(𝜔)𝑐

𝑛 − 𝑐 

                                            Զ𝑝(𝑐) = (ą1(𝜔) − 1)𝑐 + ∑∞
𝑛=1 ą𝑛(𝜔)𝑐

𝑛                                (2.2.2) 

 From above it is clear that the multiplicity of 𝑧 = 0 is 𝜇 > 1 if 

ą1(𝜔) = 1, ą2(𝜔) = ą3(𝜔) = ą4(𝜔) =∙∙∙∙∙∙= ą𝜇−1(𝜔) = 0 and ą𝜇(𝜔) ≠ 0 

Origin become a center when 

ą1(𝜔) = 1 and ą𝑘(𝜔) = 0 for all 𝑘 > 1 

The equation given in (2.2.2) substitute into the equation given (2.2.1). To doing this we get 

conceptual set of linear differential equation for ą𝑛(𝑡);  the initial conditions are  ą1(0) =
1, ą𝑗(0) = 0, for 𝑗 > 1 

It may be note that 

𝑎̇1(𝑡) = ą1(𝑡) 𝛾(𝑡) 
where 
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ą1(𝑡) = 𝑒𝑥𝑝 (∫
𝜔

0

𝛾(𝑠)𝑑𝑠) 

Therefore, 𝜇 > 1 iff 

                                                         ∫
𝜔

0
𝛾(𝑠)𝑑𝑠 = 0                                                              (2.2.3) 

Since our main concern in that situation when 𝑧 = 0 become a multiple alternative solution, we’ll 

suppose that (2.2.3) remain in such state. Into the transformation 

                                                                𝜉 = 𝑧 𝑒𝑥𝑝 [−∫
1

0
𝛾(𝑠)𝑑𝑠]                                                (2.2.4) 

equation (2.2.1) becomes 

                                                                  𝜉̇̇ = 𝛼̂(𝑡)𝜉3 + 𝛽̂(𝑡)𝜉2                                                   (2.2.5) 

where 

𝛼̂(𝑡) = Ϭ(𝑡)𝑒𝑥𝑝 (2∫
𝑡

0

𝛾(𝑠)𝑑𝑠) 

and 

𝛽̂(𝑡) = ϐ(𝑡)𝑒𝑥𝑝 (∫
𝑡

0

𝛾(𝑠)𝑑𝑠) 

It is clearly shown that, if the functions 𝛼, 𝛽 and 𝛾 that are given n above equation are periodic, 

then Ϭ and ϐ in the above equation are also periodic. 

If the multiplicity of 𝑧 = 0 as a periodic solution of (2.1.1) is 𝜇 > 1, as shown in [15]. Then the 

multiplicity of 𝜉 = 0 is also 𝜇 as a periodic solution of (2.2.5), so we conclude that 𝛾(𝑡) = 0, and 

conclude an equation of the form 

                                                            
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2                                                      (2.2.6) 

For the above equation (2.2.6), ą1(𝑡) = 1 and, for 𝑛 > 1, the functions ą𝑛(𝑡) are demonstrated 

by the relation 

                                        𝑎̇𝑛 = Ϭ∑
ą
𝑖+𝑗+𝑘=𝑛 ą𝑖ą𝑗ą𝑘 + ϐ∑

ą
𝑖+𝑗=𝑛 ą𝑖ą𝑗                                           (2.2.7) 

                                                𝑖, 𝑗, 𝑘 ≥ 1                      𝑖, 𝑗 ≥ 1 
The above equations may have solution with recursively; the calculating work may turn into 

complication as we increase the value of n because the calculating process is tedious and have 

integration by parts. We limit our focus therefore to 𝑛 ≤ 9. 

Let 

ῃ1 = ą1(𝜔) 
The focal values of 𝜂𝑖

′𝑠 were named by us as 𝑖 = 1,2,3, . . . . ,8,9. The definition is then given as  

Definition (2.2.1) 

The multiplicity of 𝑧 = 0 that we express as 𝜇 is k if  

ῃ1 = 1 and ῃ2 = ῃ3 = ………… = ῃ𝑘−1 = 0 but ῃ𝑘 ≠ 0 

The formulae for ą𝑘(𝑡) and for 𝑘 ≤ 9 are given in [15] and for k ≤ 10 given in [26-28]. Now in 

section (2.3) we describe the focal values, because we use them in chapter 3. 

2.3 Computation of ą𝑗(𝑡), ῃ𝑗(𝑡) and the perturbation procedure 

The theorem that is given below we give ą𝑗(𝑡) and ῃ𝑗(𝑡) for 𝑗 ≤ 10 (for detail see [26-28]. To 

indicate an infinite integral that is a bar over a function 

Ϭ(𝑡) = ∫
𝜔

0

Ϭ(𝑠)𝑑𝑠. 

Theorem (2.3.1) 

Equation of  
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2, the function ą2, ą3, …… , ą10 are given by the following 

formula. 

ą2 = ϐ  
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ą3 = ϐ2 + Ϭ  

ą4 = ϐ3 + 2ϐϬ + ϐϬ  

ą5 = ϐ4 + 3ϐ2Ϭ + ϐ2Ϭ + 2ϐϐϬ +
3

4
Ϭ2  

ą6 = ϐ5 + 4ϐ3Ϭ + ϐ3Ϭ + 3ϐ2Ϭ𝛼 + 2ϐϐ2Ϭ +
9

2
ϐϬ2 + 3ϐϬϬ −

1

2
ϐϬ2  

ą7 = ϐ6 + 5ϐ4Ϭ + ϐ4Ϭ + 4ϐ3ϐϬ + 2ϐ3Ϭϐ +
17

2
ϐ2𝛼2 + 3ϐ2𝛼𝛼 + 2 (ϐ𝛼)

2

+ 2ϐ2𝛼𝛼 +

8ϐ𝛼ϐ𝛼 − ϐϐ𝛼2 +
5

2
𝛼3  

𝑎8 = ϐ7 + 6ϐ5𝛼 + ϐ5𝛼 + 5ϐ4ϐ𝛼 + 2ϐ4𝛼ϐ + 4ϐ3ϐ2𝛼 + 3ϐ3𝛼𝛼 + 3ϐ3𝛼ϐ2 + 3ϐ3𝛼𝛼 +

27

2
ϐ3𝛼2 −

3

2
ϐ2ϐ𝛼2 + 15ϐ2ϐ𝛼𝛼 + 4ϐ2𝛼𝛼 ϐ + ϐ2𝛼𝛽 𝛼 + 12ϐ2𝛼ϐ𝛼 + 8ϐ2𝛼ϐ𝛼 + 5 (ϐ𝛼)

2

−
1

2
ϐ𝛼2 −

3

2
ϐ𝛼2𝛼 + 10ϐ𝛼3  

 𝑎9 = ϐ8 + 7ϐ6𝛼 + ϐ6𝛼 + 6ϐ5ϐ𝛼 + 2ϐ5𝛼ϐ + 5ϐ4ϐ2𝛼 + 3ϐ4𝛼𝛼 + 3ϐ3𝛼ϐ2 + 5ϐ4𝛼𝛼 +
39

2
𝛽4𝛼2 − 2𝛽3𝛽𝛼2 + 24𝛽3𝛽𝛼𝛼 + 6𝛽3𝛼𝛼 𝛽 − 10𝛽3𝛼𝛽 𝛼 + 12𝛽𝛼𝛽3𝛼 + 4𝛼𝛽𝛽3𝛼 + 4𝛽3𝛼𝛽3 +

43

6
𝛽2𝛼3 + 4𝛼3𝛽𝛽 + 4𝛽2𝛼𝛼𝛽2 − 10𝛽𝛽𝛼𝛼𝛽2 +

15

2
𝛼2𝛽2𝛼 + 2𝛽2𝛽2𝛼 − 2𝛽4𝛼 + 8𝛼𝛽𝛽3 +

2𝛽𝛽2𝛼𝛽𝛼 + 26𝛽𝛼𝛽2𝛼𝛼 + 6𝛽2𝛼𝛼 − 6𝛽2𝛼𝛼 + 12𝛽2𝛽𝛼𝛼 + 16𝛽2𝛼𝛽𝛽𝛼 − 16𝛽2𝛼𝛽𝛼 +

9𝛽2 (𝛽𝛼)
2

+ 9(𝛽𝛼)2𝛼 − 𝛽𝛼3𝛽 +
35

8
𝛼4 − 6𝛽𝛼𝛽𝛼2 + 6𝛽𝛽4𝛼𝛼 + 33𝛽𝛼2𝛽𝛼 − 24𝛽𝛼2𝛽𝛼 +

6𝛽2𝛼𝛼𝛼 − 4𝛽𝛼𝛽𝛼2 

 𝑎10 = 𝛽9 −
23

2
𝛽7𝛼 −

1235

6
𝛽5𝛼𝛼 + 3𝛽5𝛼𝛼 + 111𝛽4𝛽𝛼 − 444𝛼𝛽𝛽3𝛽𝛾 + 20𝛼𝛽𝛽4𝛼 −

12𝛼𝛽𝛽4𝛼 +
214

3
𝛼𝛽3𝛽2𝛼 − 160𝛼𝛽𝛽2𝛽2𝛼 +

15

2
𝛼2𝛽3𝛼 −

970

3
𝛼𝛼2𝛽3 + 30𝛼𝛽2𝛽3𝛼 −

68𝛼𝛽𝛽𝛽𝛽2𝛼 + 9𝛼𝛽3𝛼𝛼 +
1015

9
𝛽3𝛼3 − 237𝛽𝛽2𝛼3 −

11

2
𝛼𝛽2𝛽𝛼2 + 26𝛼𝛽𝛽𝛽𝛼2 +

319

2
𝛼𝛽3𝛼𝛼 − 174𝛽𝛽𝛼2𝛽𝛼 − 90𝛼𝛼𝛽𝛽2𝛼 + 24𝛼𝛽2𝛼𝛽𝛼 + 40𝛼𝛽𝛼𝛼𝛽2 − 24𝛼𝛽𝛼𝛼𝛽2 +

3𝛼𝛽2𝛼𝛽𝛼 − 154𝛼𝛼𝛽2𝛽𝛼 − 24𝛼𝛼2𝛽2𝛽 + 70𝛼𝛽 (𝛽𝛼)
2

+ 42𝛼𝛽 (𝛽𝛼)
2

− 70𝛼𝛽3𝛼2 −

3

2
𝛼𝛽𝛼2 − 21𝛽𝛼4 −

15

4
𝛼2𝛽𝛼2 +

169

4
𝛼4𝛽 + 24𝛼𝛼2𝛽𝛽2𝛼 − 24𝛼2𝛽𝛽2𝛼 + 10𝛼3𝛽𝛼 +

9

2
𝛽4𝛽3𝛼 +

8𝛼𝛽7 − 74𝛼𝛼3𝛽 + 8𝛽𝛽𝛽𝛼3 +
34

3
𝛼𝛽3𝛽2𝛼 + 2𝛽𝛽6𝛼 + 7𝛽6𝛽𝛼 + 3𝛼𝛽7 − 5𝛼𝛽6 + 6𝛽5𝛽2𝛼 −

6𝛼𝛽𝛽4𝛼 + 2𝛽3𝛽3𝛼 + 10𝛽𝛼𝛼𝛽4 + 26𝛼2𝛽5 −
5

2
𝛽4𝛽𝛼2 +

5

2
𝛽𝛽4𝛼2 +

73

2
𝛼𝛽4 −

127

2
𝛽4𝛼𝛽𝛼 +

9𝛽2𝛼𝛼𝛽2 − 20𝛽𝛽3𝛼𝛽𝛼 + 19𝛼𝛼2𝛽3𝛼 − 21𝛽2𝛼𝛽3𝛼 + 8𝛽𝛼𝛽𝛽3𝛼 −
160

3
𝛼𝛽3𝛽2𝛼 +

32𝛽4𝛼𝛽𝛼 − 20𝛽𝛼𝛽𝛽𝛽2𝛼 + 24𝛽𝛼2𝛽2𝛼 +
4

3
𝛽3𝛽2𝛼 −

31

30
𝛼𝛽5 −

4

5
𝛼𝛽5 + 16𝛽𝛽3𝛼𝛽 −

16𝛼𝛽𝛽4 + 3𝛽2𝛽2𝛼𝛽𝛼 + 42𝛽2𝛽2𝛼𝛽𝛼 + 12𝛼𝛽𝛽2𝛼 + 12𝛼𝛽𝛽2𝛼 − 12𝛽𝛽2𝛼𝛼 + 12𝛽3𝛽2𝛼𝛼 +

32𝛽2𝛼𝛽𝛽2𝛼 − 32𝛽𝛽3𝛼𝛽𝛼 + 14𝛽3 (𝛽𝛼)
2

+ 15𝛽5𝛼2 − 28𝛼𝛽 (𝛽𝛼)
2

−
3

2
𝛽2𝛽𝛼3 +
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13

2
𝛽2𝛼𝛽𝛼2 + 12𝛽𝛽𝛼2𝛽𝛼 − 36𝛽𝛽𝛼2𝛽𝛼 − 48𝛽𝛼2𝛽𝛽𝛼 − 16𝛼𝛽𝛼𝛼𝛽2 − 8𝛽𝛽𝛼𝛽𝛼2 +

2𝛽3𝛽4𝛼 + 8𝛽2𝛽2𝛼𝛽𝛼 − 8𝛽𝛽4𝛼𝛼 − 2𝛼𝛽𝛽4𝛼 +
1

2
𝛽4𝛽𝛼 + 2𝛽𝛽𝛼𝛽3𝛼 + ϐϐ𝛼ϐ𝛼2 + ϐ(ϐ2𝛼)

2

 

Now we assume the result which given below help us to calculating the multiplicity. 

Theorem (2.3.2) 

The solution 𝑧 = 0 where 
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 

there is a multiplicity of k is of 2 ≤ 𝑘 ≤ 10 iff 𝜂1 = 0 for 2 ≤ 𝑗 ≤ 𝑘 − 1 and ῃ𝑘 ≠ 0 in which 

ῃ = ∫ ϐ
𝜔

0
𝑑𝑡  

ῃ3 = ∫ Ϭ
𝜔

0
𝑑𝑡  

ῃ4 = ∫ Ϭ
𝜔

0
𝛽 𝑑𝑡  

ῃ5 = ∫
𝜔

0
Ϭϐ2   

ῃ6 = ∫
𝜔

0
(Ϭϐ3 −

1

2
Ϭ2ϐ)  

ῃ7 = ∫
𝜔

0
(Ϭϐ4 + 2ϬϬϐ2)   

ῃ8 = ∫
𝜔

0
(Ϭϐ5 + 3ϬϬϐ3 + Ϭϐ2ϐϬ −

1

2
Ϭ3ϐ)  

ῃ9 = ∫
𝜔

0
(Ϭϐ − 5ϬϬϐ4 − 2ϐ3ϐϬ + 20ϐϬ2 + 2ϐϬϐϬ2)  

and 

ῃ10 = ∫
𝜔

0

(Ϭϐ7 −
1235

6
ϬϬϐ5 −

970

3
ϐϬ2ϐ3 − 237ϬϬ2ϐ3 − 24ϐϬ2ϐ2 − 70Ϭϐ3Ϭ2 − 21Ϭ4ϐ

− 74ϬϬ3ϐ +
5

2
Ϭ2Ϭϐ4 + 32ϐ4ϬϐϬ − 16ϐϐ4Ϭ − 15ϐ5Ϭ2 − 36ϐϐϬ2ϐϬ − 8ϐϐ4Ϭ) 

We need to make a condition that have a greatest attainable number of one of a kind genuine 

occasional not set in stone variety μ. The arrangement that we make for annoyance of coefficients, 

every one of them gives no less than one occasional bifurcation arrangement from of the 

beginning.  

We consider an equation of the type given in (2.2.1) that 𝜇 = 𝑘 suggest. We assume that a 

neighboring says U with a root throughout complex plane having no periodic solution except for 

𝑧 = 0. Then the theorem (2.4) in [15] shows that the total number of periodic solutions with initial 

points in U remains unchanged due to the minor disturbance of the coefficient. We perturb the 

coefficientsϬ, ϐ and 𝛾, if relevant, because then 

ῃ2 = ῃ3 = ………… = ῃ𝑘−2 = 0 but ῃ𝑘−1 ≠ 0 

Then we’ll have a periodic solution ψ(t) suggest, that is non-trivial, with 𝜓(0) ∈ 𝑈 are 𝜓 and the 

zero solutions. Already known complicated solutions appear in coupled combination which 

assume that 𝜓 is real. Then 𝑊1 be an adjacency of 𝜓 and 𝑈1, be an adjacency of 𝑧 = 0 in a way 

that 

                                                                 𝑈1 ∪𝑊1 ⊂ and 𝑈1 ∩𝑊1 = ∅ 

In just one of 𝑈1and 𝑊1 the number of periodic alternatives has initial points is continued under 

sufficiently restricted perturbations of the coefficient we then make an effort to further disturb the 

coefficients in that way ῃ = ῃ3 = ………… = ῃ𝑘−1 = 0 but ῃ𝑘−2 ≠ 0. In such situation 𝜇 = 𝑘 −
2. Now there is an initial point in 𝑈1 for a second real non-trivial periodic solution, leaving a real 

periodic solution with an initial point in 𝑊1. Therefore, we have two real periodic solutions that 

are non-trivial, as well as the zero solution is 𝐾 − 2 multiplicity. We go forward in such order to 

get an equation form of (2.2.5) with 𝜇 = 2  and 𝑘 − 2 separate non-trivial real periodic solutions. 
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2.4 Criteria for a center 

In order to find a number of achievable 𝜇 values for different groups of equations, we will evaluate 

the quantity of ῃ𝑘 = ą𝑘(𝜔) (almost) given in the theorem (2.3.2). Unless a value k of K is found 

with the property that this process continues 

ῃ𝑘 = 0 for all if ῃ2 = ῃ3 = ………… = ῃ𝑘+1 = 0 then 𝜇𝑚𝑎𝑥 is minimum in these K. 

We need circumstances that are necessary for 𝑧 = 0 to be a center in accordance with the method 

we have mentioned for computing the ῃ𝑘. Only then we realise that we no longer need to measure 

the𝜂𝑘. The conditions for 𝑧 = 0 to be a centre, which are given in [15], are now listed here because 

we will need them in chapter 03 to find  𝜇𝑚𝑎𝑥. 

 

Theorem (2.4.1) 

Assume that there is still a function ß which is differentiable from ß(𝜔) = ß(0) and function 

which are continuous that is s and t defined by 𝐼 = ß([0, 𝜔]) that is 

Ϭ(𝑡) = 𝑓(ß(𝑡))ß̇, 

ϐ(𝑡) = 𝑔(ß(𝑡))ß̇. 

Then the origin 𝑧 = 1 is center for the equation 

                                                                          
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2                                           (2.4.1) 

Corollary (2.4.2) 

Assume an equation (2.4.1) in which Ϭ is a constant multiple of ϐ and ∫
𝜔

0
ϐ(𝑡)𝑑𝑡 = 0 

then the origin is a center as discussed in [16]. 

Corollary (2.4.3) 

Assume that Ϭ and ϐ is identically zero and the other has mean value zero. Then the origin is a 

center as discussed in [16]. 

Corollary (2.4.4) 

Assume that Ϭ and ϐ contains odd powers of 𝑠𝑖𝑛(𝑡) or 𝑐𝑜𝑠(𝑡). Then the origin is a center as 

discussed in [16]. 

2.5 Summary of some known results 

Here let an equation of the form 

                                                                 
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2                                                   (2.5.1) 

The above equations were firstly used by Lins Neto in [13] where the equation take up with 

number of periodic solutions. A number of examples were given by him of equation (2.5.1) with 

coefficient  ϐ has degree one and Ϭ has degree 𝑏1, at least with 
𝑏1

2
+ 3 periodic solutions. Two 

types of coefficients of (2.5.1) were used by Alwash and Lloyd in [15] that (i) function of 

polynomial in t (ii) polynomiał function in 𝑐𝑜𝑠(𝑡) and 𝑠𝑖𝑛(𝑡) and explain examples of the number 

of periodic solutions that overcome the limits given by Lins Neto [13]. The class 𝐶2,3 which was 

considered by Alwash we use the result here. 

Theorem (2.5.1) 

We consider the class 𝐶2,3 which show the equation of the kind given below 

                                                                       
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2                                                       

in the above equation Ϭ(𝑡) has degree three and  ϐ(𝑡) has degree two. That is, 

                                                            ϐ(𝑡) = 𝑎 + 𝑏𝑡 + 𝑐𝑡2 

                                                            Ϭ(𝑡) = 𝑑 + 𝑒𝑡 + 𝑓𝑡2 + 𝑔𝑡3 

then 𝜇𝑚𝑎𝑥 𝐶2,3 = 8. 

The class 𝐶𝑘,1 here k= 1,2,..,6 where in Ϭ(𝑡) has degree k and ϐ(𝑡) has degree one is also used by 

Alwash and Lloyd in [15-17]. They have proved that if 𝑚𝑘 = 𝜇𝑚𝑎𝑥(𝐶𝑘,1) then 𝑚1 = 3,𝑚2 =
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𝑚3 = 4,𝑚4 = 𝑚5 = 5 and 𝑚6 ≥ 7. In [15-17] Alwash also used 𝐻𝑘 the class of such equations 

given in (3.2.1) in which Ϭ and ϐ  are homogeneous polynomials in 𝑐𝑜𝑠(𝑡) and 𝑠𝑖𝑛(𝑡)of degree 

2k and k respectively. Hilbert type equation is used for these classes. 

Then the result which they have, if 𝜇𝑚𝑎𝑥(𝐻𝑘) = 𝑣𝑘. Then 𝑣1 = 5, 𝑣2 = 5 and 𝑣3 ≥ 7. Also, in N. 

Yasmin [20,21] let the classes 𝐶1,𝑘 = 1,2,3,4,5 in which 𝛼(𝑡) having the degree one and 𝛽(𝑡) 
having degree k. Then the result which is given by her is if  𝑚𝑘 = 𝜇𝑚𝑎𝑥(𝐶1,𝑘) then 𝑚1 = 3,𝑚2 =
𝑚3 = 4,𝑚4 = 𝑚5 = 8. A result also given by her 𝑣3 = 7. In recent work S. Akram find maximum 

multiplicity 10 for more classes which  is highest multiplicity known  to date  and also improve 

result for some classes by implementing new developed formula see [26-29]. 

A brief computational work for 𝜇𝑚𝑎𝑥 for considering different classes are given in the following 

table. 

Where Ϭ and ϐ are polynomials of t. 

 

Ϭ/ϐ 1 2 3 4 5 6 7 8 

1 2 3 4 5 6 < 7 >   

2 “4” “4” 8 (8) {8} < 8 >   

3 “4” “8” (5) 5  < 8 >   {8} 

4 “5” 7  {8} |7|      

5 “5” {7}       

6 “7”        

7   {10} {10} {8} {8} {8}  

8     {8} {8} {8}  

9 ‖10‖  {10} ‖7‖      

10   {10} {10} {8}    

12      {8}   

 

Entries within inverted commas (“ ”) are used to express the result given by Alwash. Entries 

without inverted commas are used to express the result given by N.Yasmin in [20-21]. Entries 

with bar are used to express results given by M.Ashraf. Entries with small bracket ( ) are used to 

express the result given by Jamil Ahmad. Entries with ( | | ) are used to express the result given by 

Gul Hassan. Entries with { } are used to express the result given by Saima Akram see ref [26-29]. 

Entries with angel bracket (< >) are used to express the result given by Azra Aziz and entries 

with ( ‖‖ ) are used to express the result found by me.  

3.1 The intermittent bifurcating arrangement of specific classes  

3.2 introduction 

we will discuss given kind of equation 

dz/dt = α(t) z^3 + β(t) z^2                                                                                                      (3.1.1)  

In the given condition α and β both polynomial  of  t  variable, anyway z is convoluted the above 

conditions which was taken by Lins Neto as given in reference [13], in which the inquiry raised 

by pugh is advanced. We are worried about examining the quantity of intermittent arrangements 

that can bifurcate from the beginning after as in reference [13 - 17] , presently we think about this 

type of condition (3.1.1) and afterward in the following area we decide the ideal practicable variety 

of that equivalent starting points using hypothesis (2.3.2). These central qualities are determined 

utilizing Maple, as we will portray in segment (3.2).  

  

3.3 Periodic solution of class 𝐶11,4 

Let’s 𝐶11,4 express equation of the type   
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𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 

where Ϭ(𝑡) has degree 11 and ϐ(𝑡) has degree 4 respectively that is, 

                                        Ϭ(𝑡) = 𝑎 + 𝑏𝑡 + 𝑐𝑡2 + 𝑑𝑡3 + 𝑒𝑡4 + 𝑓𝑡5 + 𝑔𝑡6 + ℎ𝑡7 + 𝑖𝑡8 + 𝑗𝑡9 +
𝑘𝑡10 + 𝑙𝑡111 
and 

                                         ϐ(𝑡) = 𝑚 + 𝑛𝑡 +o𝑡2 + 𝑝𝑡3 + 𝑞𝑡4 

Then by theorem(2.3.2) 

                                            ῃ2 = 𝑚 +
𝑛

2
+

𝑜

3
+

𝑝

4
+

𝑞

5
 

and 

                                             ῃ3 = 𝑎 +
𝑏

2
+

𝑐

3
+

𝑑

4
+

𝑒

5
+

𝑓

6
+

𝑔

7
+

ℎ

8
+

𝑖

9
+

𝑗

10
+

𝑘

11
+

𝑙

12
 

Origin multiplicity become 𝑧 = 0 is 𝜇 = 2 if 𝜂2 ≠ 0 and 𝜇 = 3 if  𝜂2 = 0 and 𝜂3 ≠ 0, for origin 

multiplicity higher then 3, can placed 𝜂2 = 𝜂3 = 0 and this means that  

                                                𝑚 = −
𝑛

2
−

𝑜

3
−

𝑝

4
−

𝑞

5
                                                                                  (3.3.1) 

                                                 𝑎 = −
𝑏

2
−

𝑐

3
−

𝑑

4
−

𝑒

5
−

𝑓

6
−

𝑔

7
−

ℎ

8
−

𝑖

9
−

𝑗

10
−

𝑘

11
−

𝑙

12
.                            

(3.3.2) 
We measure 𝜂4 using (3.3.1) and (3.3.2). For this function Ϭ(𝑡) and ϐ(𝑡) becomes 

Ϭ(𝑡) = −
𝑏

2
−

𝑐

3
−

𝑑

4
−

𝑒

5
−

𝑓

6
−

𝑔

7
−

ℎ

8
−

𝑖

9
−

𝑗

10
−

𝑘

11
−

𝑙

12
+ 𝑏𝑡 + 𝑐𝑡2 + 𝑑𝑡3 + 𝑒𝑡4 + 𝑓𝑡5 + 𝑔𝑡6 +

ℎ𝑡7 + 𝑖𝑡8 + 𝑗𝑡9 + 𝑘𝑡10 + 𝑙𝑡11                                                                                                                  (3.3.3) 

               ϐ(𝑡) = −
𝑛

2
−

𝑜

3
−

𝑝

4
−

𝑞

5
+ 𝑛𝑡 + 𝑜𝑡2 + 𝑝𝑡3 + 𝑞𝑡4                                                                                                      

(3.3.4)  

                 ῃ4: = {−
1

360
𝑏𝑜 +

1

360
𝑐𝑛 −

1

240
𝑏𝑝 +

1

240
𝑑𝑛 −

1

210
𝑏𝑞 −

1

560
𝑐𝑝 + 

1

560
𝑑𝑜 +

1

210
𝑒𝑛 −

1

360
𝑐𝑞 +

1

360
𝑒𝑜 +

5

1008
𝑓𝑛 −

1

900
𝑑𝑞 +

1

900
𝑒𝑝 +

5

1512
𝑓𝑜 +

5

1008
𝑔𝑛 +

1

560
𝑓𝑝 +

1

280
𝑔𝑜 +

7

1440
ℎ𝑛 +

1

1386
𝑓𝑞 +

27

12320
𝑔𝑝 +

35

9504
ℎ𝑜 +

7𝑖𝑛

1485
+

𝑔𝑞

840
+

7

2880
ℎ𝑝 +

𝑖𝑜

270
+

𝑗𝑛

220
+

7ℎ𝑞

4680
+

𝑖𝑝

390
+

21𝑗𝑜

5720
+

5𝑘𝑛

1144
+

8𝑖𝑞

4725
+

81𝑗𝑝

30800
+

5𝑘𝑜

1386
+

55𝑙𝑛

13104
+

𝑗𝑞

550
+

7𝑘𝑝

2640
+

11𝑙𝑜

3120
+

𝑘𝑞

528
+

11𝑙𝑝

4160
+

77𝑙𝑞

39780
} 

Above expression become complicated, we take 𝑖 = 0, 𝑘 = 0, 𝑔 = 0, ℎ = 0 for simplification and 

assume the class in the given theorem.  

        

Theorem(3.3.1) 
Let 𝐶11,4 express equations of the type 

                                                        
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 

Where Ϭ(𝑡) has degree 11 and ϐ(𝑡) has degree 4. That is 

                                                   Ϭ(𝑡) = 𝑎 + 𝑏𝑡 + 𝑒𝑡4 + 𝑐𝑡8 +𝑚𝑡11 
and 

                                                   ϐ(𝑡) = 𝑛 + 𝑞𝑡4 

Then 𝜇𝑚𝑎𝑥 𝐶11,4 = 8. 
Proof 

Here we calculate the focal values, ῃ𝑘 𝑘 = 2,3, . . ,10 to find multiplicity of the origin. Thus for 

the given values we’ll use theorem (2.3.2) and we get 

ῃ2 = 𝑛 +
𝑞

5
 

and  

 ῃ3 = 𝑎 +
𝑏

2
+

𝑒

5
+

𝑐

9
+

𝑚

11
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Now that the origin multiplicity 𝑧 = 0 is 𝜇 = 2 if ῃ2 ≠ 0 and 𝜇 = 3, ῃ2 = 0 but ῃ3 ≠ 0 for further 

calculation the multiplicity of greater order we take ῃ2 = ῃ3 = 0 means that,  

                                                         𝑛 = −
𝑞

5
                                                                         (3.3.5) 

and 

                                                       𝑎 = −
𝑏

2
−

𝑒

5
−

𝑐

9
−

𝑚

12
                                                 (3.3.6)   

To measure 𝜂4using equation (3.3.5) and (3.3.6) and for this function Ϭ(𝑡) and ϐ(𝑡) becomes 

                  Ϭ(𝑡) = 𝑑 (𝑡 −
1

2
) + 𝑒 (𝑡2 −

1

3
) + 𝑓 (𝑡3 −

1

4
) + 𝑗 (𝑡7 −

1

8
) + 𝑙 (𝑡9 −

1

10
)            (3.3.7) 

                  ϐ(𝑡) = 𝑛 (𝑡 −
𝑙

2
)                                                                                                  (3.3.8)  

                      ῃ4 = −
1

4176900
𝑞(−8085𝑚 − 707𝑐 + 19890𝑏) 

Now if ῃ4 = 0 i.e. 

                                                  𝑞(−8085𝑚 − 707𝑐 + 19890𝑏) = 0 

Implies that either 𝑞 = 0 

or 

                                                           𝑏 =
8085

19890
𝑚 +

7072

19890
𝑐 

If 𝑞 = 0 and therefor by (3.3.8) ϐ(𝑡) = 0 and also 𝜂3 = 0 give average values of alpha zero and 

then by using corollary(2.4.3) the origin becomes center if 𝑞 = 0 hence we took 𝑞 ≠ 0. Therefore 

we have  

                                                        𝑏 =
8085

19890
𝑚 +

7072

19890
             (3.3.9)                         

If (3.3.9) hold then                            

ῃ5 = −
1

19750500
𝑞2 (−

1425

34
𝑚 − 144𝑐) 

If ῃ5 = 0 

then we take                         𝑐 = −
1425

34
𝑚 ∗

1

144
                                                                  (3.3.10)      

since 𝑛 ≠ 0 (proved). 

we use (3.3.10) to measure ῃ6                                  

                           ῃ6 = −
1

7147376959488480000
𝑚𝑞(35534232063𝑞2 + 3848860420𝑚) 

Furthermore if ῃ6 = 0, then we already known 𝑞 ≠ 0 either if 𝑚 = −
35534232063

3848860420
𝑞2                                                                  

(3.3.11) 

If 𝑚 = −
35534232063

3848860420
𝑞2    , then (3.3.7) and (3.3.8) becomes 

                                              Ϭ(𝑡) =
1

2
[𝑑 + 𝑒 (−

2

3
𝑡2 +

2

3
𝑡 −

1

3
)] 

                                               ϐ(𝑡) = 𝑛 (𝑡 −
𝑙

2
) 

, holding (3.3.11), we calculate ῃ7                                

   ῃ7 =
1375217

5822554138411877035828471376438784000000
𝑞4(−2068244423833433976252128847𝑞2 +

185279934454720456717680554240𝑒)                                                                                                   
(3.3.12) 

If  ῃ7 = 0, and we already know then 𝑞 ≠ 0 then  

                                                    𝑒 =
2068244423833433976252128847

185279934454720456717680554240
𝑞2 

If 𝑓 = −3𝑛2, then  

                                                 Ϭ(𝑡) =
1

2
[𝑑 + 𝑛2(−3𝑡2 + 3𝑡)]𝜎 
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                                                  ϐ(𝑡) =
𝑛

2
𝜎 

Then  we calculate ῃ8                                

       ῃ8 =

−
51444805304415312511056161502720035419212224296215920046785086302972472708107937848820114195890852637𝑞7

1522790558705433767221600708107937854678923457896789909999887766554670000000
     

 (3.3.13) 

That is a non-zero constant number. Thus, we conclude that the multiplicity of 𝐶11,4 is 8. 

Thus 𝜇𝑚𝑎𝑥(𝐶11,4) = 8.  

 

 

 

 

Theorem (3.3.2) 

Consider the equation of the type 

                                          
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2                                                                    (3.3.14) 

where 

 Ϭ(𝑡) = (
2120508128939614438499626122762700235323722455850013440

140042330275160555603971240119933838477440668800000
−

1

2
𝜀1 −

2075

8568
𝜀2 −

647

5712
𝜀3) +

(
136390707471545728297408

9448856154053765625
− (

26623

14025
+ 𝜀5)

2

) 𝑡 + (
16421945736537790549697900216284800

291794690397942203458755140625
−

186629

215936
𝜀3 + (

411825

215936
+ 𝜀5)

2

) 𝑡2 + (−
50887448266329193770008576

20805325518569854079055625
+

139311110400

30881482969
𝜀3 +

(
171803300981

30881482969
+ 𝜀5)

2

) 𝑡3 + (
258571939166764905068263947701509091412436036800

57784685570958761009311478560715491204494375
−

297

119
𝜀3 −

198

119
𝜀2) 𝑡

7 + (−
2541912227455620603943424634423710920022999040

11526463501008157137907097536386788720640000
−

77

72
𝜀4 −

11

12
𝜀3 −

11

18
𝜀2 +) 𝑡

11 

 ϐ(𝑡) = (−
2263413464

25956025
−

1

2
𝜀1) + 𝜀6 + (

1131706732

25956025
+ 𝜀1) 𝑡

4 

If 𝜀𝑖, 1 ≤ 𝑖 ≤ 6, if we select them to be non-zero and in such a way and then each 𝜀𝑖 is smaller 

enough as correlate with 𝜀𝑖−1 then (3.3.14) has eight real periodic solution that are non-trivial. 

Proof 

The coefficients that are selected so that origin multiplicity, 𝜇 is 10 if 𝜀𝑖 = 0 for 1 ≤ 𝑖 ≤ 6. Select 

 𝜀1 ≠ 0 but then remaining 𝜀𝑖 = 0 for2 ≤ 𝑖 ≤ 6 then it can be check that, 

 ῃ2 = ῃ3 = ………… = ῃ7 = 0 but ῃ7 ≠ 0 and ῃ8 is constant multiple of 𝜀1, so 𝜇 = 9. 
Thus, we have multiplicity which is decrease by one. Then we take 𝜀2 ≠ 0 but 𝜀3 = 𝜀4 = … =
𝜀8 = 0 ; we have  ῃ2 = ῃ3 =. . ῃ5 = 0 but then ῃ6 ≠ 0 and ῃ7 is constant multiple of 𝜀2, so 𝜇 = 8. 
Here also multiplicity is decrease by one. 

If the value of 𝜀2 is small enough then we have two real periodic solution that are non-trivial. 

Continuing in this way, we have eight real periodic solutions that are non-trivial. 

Corollary (3.3.3) 

With Ϭ(𝑡) and ϐ(𝑡) as given in theorem (3.3.2), the equation 

                                          
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 + 𝛾𝑧 + 𝛿.                                                  (3.3.15) 

have ten periodic solutions if 𝛾 and 𝛿 are small enough. 

Proof 

If  𝛾 = 0, 𝛿 = 0 and 𝜇 = 2 then the equation (3.3.15) has eight real periodic solutions. If 𝛾 is non 

zero then 𝜇 = 1 and then by the same arguments used in above theorem we have nine real periodic 

solutions. Since  𝑧 = 0 is another solution therefore we have ten real periodic solutions. 
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3.3 Periodic solution of class 𝐶11,5 

Let’s 𝐶11,5 express equation of the type   

                                           
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 

where Ϭ(𝑡) has degree 11 and ϐ(𝑡) has degree 5 respectively that is, 

                                        Ϭ(𝑡) = 𝑎 + 𝑏𝑡 + 𝑐𝑡2 + 𝑑𝑡3 + 𝑒𝑡4 + 𝑓𝑡5 + 𝑔𝑡6 + ℎ𝑡7 + 𝑖𝑡8 + 𝑗𝑡9 +
𝑘𝑡10 + 𝑙𝑡11 
and 

                                         ϐ(𝑡) = 𝑚 + 𝑛𝑡 +o𝑡2 + 𝑝𝑡3 + 𝑞𝑡4 + 𝑟𝑡5 

Then by theorem(2.3.2) 

                                            ῃ2 = 𝑚 +
𝑛

2
+

𝑜

3
+

𝑝

4
+

𝑞

5
+

𝑟

6
 

and 

                                             ϐ3 = 𝑎 +
𝑏

2
+

𝑐

3
+

𝑑

4
+

𝑒

5
+

𝑓

6
+

𝑔

7
+

ℎ

8
+

𝑖

9
+

𝑗

10
+

𝑘

11
+

𝑙

12
 

Origin multiplicity become 𝑧 = 0 is 𝜇 = 2 if 𝜂2 ≠ 0 and 𝜇 = 3 if  ῃ2 = 0 and ῃ3 ≠ 0, for origin 

multiplicity higher then 3, can placed ῃ2 = ῃ3 = 0 and this means that  

                                         𝑚 = −
𝑛

2
−

𝑜

3
−

𝑝

4
−

𝑞

5
−

𝑟

6
                                                                               (3.3.1) 

                                       𝑎 = −
𝑏

2
−

𝑐

3
−

𝑑

4
−

𝑒

5
−

𝑓

6
−

𝑔

7
−

ℎ

8
−

𝑖

9
−

𝑗

10
−

𝑘

11
−

𝑙

12
.                            

(3.3.2) 
We measure 𝜂4 using (3.3.1) and (3.3.2). For this function 𝛼(𝑡) and 𝛽(𝑡) becomes 

Ϭ(𝑡) = −
𝑏

2
−

𝑐

3
−

𝑑

4
−

𝑒

5
−

𝑓

6
−

𝑔

7
−

ℎ

8
−

𝑖

9
−

𝑗

10
−

𝑘

11
−

𝑙

12
+ 𝑏𝑡 + 𝑐𝑡2 + 𝑑𝑡3 + 𝑒𝑡4 + 𝑓𝑡5 + 𝑔𝑡6 +

ℎ𝑡7 + 𝑖𝑡8 + 𝑗𝑡9 + 𝑘𝑡10 + 𝑙𝑡11                                                                                                                  (3.3.3) 

ϐ(𝑡) = −
𝑛

2
−

𝑜

3
−

𝑝

4
−

𝑞

5
−

𝑟

6
+ 𝑛𝑡 + 𝑜𝑡2 + 𝑝𝑡3 + 𝑞𝑡4                       (3.3.4)                                                                                       

                 𝜂4: = {
11𝑙𝑝

4160
+

3𝑗𝑟

2464
+

𝑘𝑞

528
+

125𝑘𝑟

94248
+

77𝑙𝑞

39780
+

55𝑙𝑟

39312
−

1

360
𝑏𝑜 +

1

360
𝑐𝑛 −

1

240
𝑏𝑝 +

1

240
𝑑𝑛 −

1

210
𝑏𝑞 −

1

560
𝑐𝑝 + 

1

560
𝑑𝑜 +

1

210
𝑒𝑛 −

1

360
𝑐𝑞 +

1

360
𝑒𝑜 −

5𝑏𝑟

1008
+

5

1008
𝑓𝑛 −

1

900
𝑑𝑞 −

5𝑐𝑟

1512
+

1

900
𝑒𝑝 +

5

1512
𝑓𝑜 +

5

1008
𝑔𝑛 −

𝑑𝑟

560
+

1

560
𝑓𝑝 +

1

280
𝑔𝑜 +

7

1440
ℎ𝑛 +

1

1386
𝑓𝑞 +

27

12320
𝑔𝑝 +

35

9504
ℎ𝑜 +

7𝑖𝑛

1485
+

𝑔𝑞

840
+

7

2880
ℎ𝑝 +

𝑖𝑜

270
−

𝑒𝑟

1386
+

𝑗𝑛

220
+

7ℎ𝑞

4680
+

21𝑗𝑜

5720
+

5𝑔𝑟

10192
+

𝑖𝑝

390
+

21𝑗𝑜

5720
+

5𝑘𝑛

1144
+

8𝑖𝑞

4725
+

5𝑘𝑜

1386
+

55𝑙𝑛

13104
+

5ℎ𝑟

6048
+

81𝑗𝑝

30800
+

𝑗𝑞

550
+

7𝑘𝑝

2640
+

11𝑙𝑜

3120
+

𝑖𝑟

945
} 

Above expression become complicated, we take 𝑒 = 0, 𝑓 = 0, 𝑔 = 0, ℎ = 0, 𝑖 = 0, 𝑗 = 0, 𝑘 =
0, 𝑛 = 0, 𝑜 = 0, 𝑝 = 0, 𝑞 = 0 for simplification and assume the class in the given theorem.                         

                                                             ss         

Theorem(3.4.1) 
Let 𝐶11,5 express the equations of the type 

                                               
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 

Where Ϭ(𝑡) has degree 11 and ϐ(𝑡) has degree 5. 

Ϭ(𝑡) = 𝑎 + 𝑏𝑡 + 𝑐𝑡2 + 𝑑𝑡3 + 𝑙𝑡11 
and 

                                              ϐ(𝑡) = 𝑚 + 𝑟𝑡5 

Then 𝜇𝑚𝑎𝑥 𝐶11,5 ≥ 8. 
Proof 

Here we compute the focal values, ῃ𝑘 𝑘 = 2,3, . . ,8 to find multiplicity thus for the given values 

we’ll use theorem (2.3.2) and we get 

                                                     ῃ2 = 𝑚 +
𝑟

6
 



160 
 
 

_____________________________________________________________________ 
Volume 4, No. 2  April -June, 2026 

and  

                                                      ῃ3 = 𝑎 +
𝑏

2
+

𝑐

3
+

𝑑

4
+

𝑙

12
 

Now then multiplicity of that origin of 𝑧 = 2 is 𝜇 = 2 if ῃ2 ≠ 0 and 𝜇 = 3 if  ῃ3 ≠ 0. To compute 

the multiplicity of the greater order we took ῃ2 = ῃ3 = 0 implies that, 

                                                       𝑚 = −
𝑟

6
                                                                           (3.4.5) 

and 

                                                      𝑎 = −
𝑐

3
−

𝑏

2
−

𝑑

4
−

𝑙

12
                                                       (3.4.6)                                             

We use equation (3.4.5) and (3.4.6) to compute 𝜂4 and for this the function 𝛼(𝑡) and 𝛽(𝑡) 
becomes 

                                         𝛼(𝑡) = −
𝑐

3
−

𝑏

2
−

𝑑

4
−

𝑙

12
+ 𝑏𝑡 + 𝑐𝑡2 + 𝑑𝑡4 + 𝑙𝑡12                        (3.4.7) 

                                          𝛽(𝑡) = −
𝑟

6
+ 𝑟𝑡5                                                                         (3.4.8)      

                                             𝜂4 =
−1

196560
𝑟(−275𝑙 + 351𝑑 + 650𝑐 + 975𝑏) 

Now if 𝜂4 = 0 i.e. 

                                             𝑟(−275𝑙 + 351𝑑 + 650𝑐 + 975𝑏) = 0 

Implies that either 𝑟 = 0        

or 

 𝑏 = −
351𝑑

975
−

650𝑐

975
+

275𝑙

975
 

If 𝑟 = 0 then by the above equation (3.4.8) 𝛽(𝑡) = 0 and then also 𝜂3 = 0 give average values 

of alpha zero then by corollary(2.4.3) the origin becomes center if 𝑟 = 0 hereafter we took 𝑟 ≠

0. Thus we have       𝑏 = −
351𝑑

975
−

650𝑐

975
+

275𝑙

975
 

                                                 (3.4.9) 
Thus Ϭ(𝑡) and ϐ(𝑡) becomes 

                                    Ϭ(𝑡) = −
𝑐

3
−

2

81
ℎ −

29

1620
𝑖 + 𝑐𝑡2 + ℎ𝑡7 + 𝑖𝑡8 −

572

567
𝑖𝑡9 −

325

324
ℎ𝑡9            

                                     ϐ(𝑡) = −
𝑞

3
+ 𝑞𝑡2                                   

                                         ῃ5 =
1

492972480
𝑟2 (

75625

39
𝑙 +

21736

3
𝑐 + 5700𝑑) 

If ῃ5 = 0.   

Then we take  

                                             𝑐 = −
75625

282568
𝑙 −

4275𝑑

5434
                                                                          (3.4.10) 

since 𝑞 ≠ 0 (proved). 

We use (3.4.10) to measure 𝜂6 and for this function 𝛼(𝑡) and 𝛽(𝑡) becomes  

                              Ϭ(𝑡) = −
𝑐

3
+

172087

15360192
ℎ + 𝑐𝑡2 + ℎ𝑡7 −

95095

47408
ℎ𝑡8 +

81640

80001
ℎ𝑡9   

                               ϐ(𝑡) = −
𝑞

3
+ 𝑞𝑡2                                  

      

                                      ῃ6 =
1

870294194025404160
ℎ𝑞(−80736733641𝑞2 + 1480108630ℎ) 

Furthermore if ῃ6 = 0 

either ℎ = 0 

or                 

                                                         ℎ =
1153381909

211444090
𝑞2                                                        (3.4.11)   

Since 𝑞 ≠ 0 (proved) and if we took ℎ = 0 then function 𝛼(𝑡) and 𝛽(𝑡) becomes as 

 Ϭ(𝑡) = 𝑐 (−
1

3
+ 𝑡2) 
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 ϐ(𝑡) = 𝑞 (−
1

3
+ 𝑡2) 

Ϭ(𝑡) =
𝑐

𝑞
ϐ(𝑡) 

Thus, by using corollary (2.4.2)  origin becomes center for ℎ = 0 hence if we took ℎ ≠ 0 we have 

                                                             ℎ =
1153381909

211444090
𝑞2                                                    (3.4.12) 

We using (3.4.12) to measure 𝜂7 thus 𝛼(𝑡) and 𝛽(𝑡) become 

Ϭ(𝑡) = −
𝑐

3
+

803542964707

13149076192976
𝑞2 + 𝑐𝑡2 +

1153381909

211444090
𝑞2𝑡7 −

153399793897

14019778208
𝑞2𝑡8 +

7243238852

130121066493
𝑞2𝑡9    

   ϐ(𝑡) = −
𝑞

3
+ 𝑞𝑡2                                   

      

𝜂7 =
−1

3953272907697286259353542912000
𝑙𝑟2(500451682571191235144𝑟2

+ 1745198084711299671519𝑙) 
 if 𝜂7 = 0 then 

                                                    𝑙 =
500451682571191235144

1745198084711299671519
𝑟2                                           (3.4.13) 

As 𝑙 ≠ 0. 
Now by using (3.4.13) we compute 𝜂8 thus 𝛼(𝑡) and 𝛽(𝑡) become 

Ϭ(𝑡) =
815813159296892117133

2458267945098192963360
𝑞2 +

803542964707

13149076192976
𝑞2 −

815813159296892117133

819422648366094321120
𝑞2𝑡2 +

                
1153381909

211444090
𝑞2𝑡7 −

153399793897

14019778208
𝑞2𝑡8 +

7243238852

130121066493
𝑞2𝑡9  

   ϐ(𝑡) = −
𝑞

3
+ 𝑞𝑡2                                   

        

 ῃ8 = −
348846472686168095371448822676704157534031896273726994757051581255344626595977

7604548354380297771914978630711263588452611623963022421274620326679322997910720000
𝑟7 

If we put ῃ8 = 0 then 𝑟 = 0 then the origin is center so 𝜂8 ≠ 0. 

Thus 𝜇𝑚𝑎𝑥(𝐶11,5) = 8 if all above equation hold and 𝑙𝑟 ≠ 0. 
 

Theorem (3.4.2) 
Consider the equation 

     
𝑑𝑧

𝑑𝑡
= 𝛼(𝑡)𝑧3 + 𝛽(𝑡)𝑧2                                                                                                                               (3.3.15) 

where 

 𝛼(𝑡) = (−
803542964707

13149076192976
𝑞2 −

1

3
𝜀1 −

172087

15360192
𝜀2 −

29

1620
𝜀3 −

1

10
𝜀4) +

(
8158131592966892117133

2458627945098192963360
𝑞2 +                  𝜀1) 𝑡

2 + (
115331909

211444090
𝑞2 + 𝜀2) 𝑡

7 + (−
153399793897

14019778209
𝑞2 −

95095

47408
𝜀2 + 𝜀3) 𝑡

8 + (
7243238852

130121066493
𝑞2 +                     

81640

80001
𝜀2 + 𝜀3) 𝑡

11 

 𝛽(𝑡) = −
1

3
𝑞 + 𝑞𝑡5 + 𝜀6  

If 𝜀𝑖, 1 ≤ 𝑖 ≤ 6, if we select them to be non-zero and in such a way and then each 𝜀𝑖 is smaller 

enough as correlate with 𝜀𝑖−1 then (3.3.14) has five real periodic solution that are non-trivial. 

Proof 

The coefficients that are selected origin multiplicity, 𝜇 is 8 if 𝜀𝑖 = 0 for 1 ≤ 𝑖 ≤ 6. Select  𝜀1 ≠ 0 

but then remaining 𝜀𝑖 = 0 for2 ≤ 𝑖 ≤ 6 it can be check that, 

 𝜂2 = 𝜂3 = ………… = 𝜂6 = 0 but 𝜂7 ≠ 0 and 𝜂7 is constant multiple of 𝜀1, so 𝜇 = 7. 
Thus, we have multiplicity which is decrease by one. Then we take 𝜀2 ≠ 0 but 𝜀3 = 𝜀4 = … . . =
𝜀6 = 0 ; we have  𝜂2 = 𝜂3 = ⋯𝜂6 = 0 but then 𝜂7 ≠ 0 and 𝜂7 is constant multiple of 𝜀2, so 𝜇 =
6. Here also multiplicity is decrease by one. 
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If the value of 𝜀2 is small enough then we have two real periodic solution that are non-trivial. 

Continuing in this way, we have six real periodic solutions that are non-trivial. 

 

Corollary (3.4.3) 

 With 𝛼(𝑡) and 𝛽(𝑡) as given in theorem (3.3.2), the equation 

                                          
𝑑𝑧

𝑑𝑡
= 𝛼(𝑡)𝑧3 + 𝛽(𝑡)𝑧2 + 𝛾𝑧 + 𝛿.                                                  (3.4.15) 

has eight periodic solutions if 𝛾 and 𝛿 are small enough. 

Proof 

In the event that γ=0, δ=0 and μ=2 the condition (3.5.15) has six genuine occasional arrangements. 

In the event that γ is non zero, μ=1 and afterward by similar contentions utilized in above 

hypothesis we have seven genuine intermittent arrangements. Since z=0 is another arrangement 

consequently we have eight genuine intermittent arrangements. 

 

3.5 Periodic solution of class 𝐶11,6 

Let’s 𝐶11,6 express equation of the type   

                                           
𝑑𝑧

𝑑𝑡
= Ϭ(𝑡)𝑧3 + ϐ(𝑡)𝑧2 

where ∝ (𝑡) has degree 11 and 𝛽(𝑡) has degree 5 respectively that is, 

                           Ϭ(𝑡) = 𝑎 + 𝑏𝑡 + 𝑐𝑡2 + 𝑑𝑡3 + 𝑒𝑡4 + 𝑓𝑡5 + 𝑔𝑡6 + ℎ𝑡7 + 𝑖𝑡8 + 𝑗𝑡9 + 𝑘𝑡10 +
𝑙𝑡11 
and 

                                         ϐ(𝑡) = 𝑚 + 𝑛𝑡 +o𝑡2 + 𝑝𝑡3 + 𝑞𝑡4 + 𝑟𝑡5+s𝑡6 

Then by theorem(2.3.2) 

                                            ῃ2 = 𝑚 +
𝑛

2
+

𝑜

3
+

𝑝

4
+

𝑞

5
+

𝑟

6
+
𝑠

7
 

and 

                                             ῃ3 = 𝑎 +
𝑏

2
+

𝑐

3
+

𝑑

4
+

𝑒

5
+

𝑓

6
+

𝑔

7
+

ℎ

8
+

𝑖

9
+

𝑗

10
+

𝑘

11
+

𝑙

12
 

Origin multiplicity become 𝑧 = 0 is 𝜇 = 2 if 𝜂2 ≠ 0 and 𝜇 = 3 if  𝜂2 = 0 , 𝜂3 ≠ 0, for origin 

multiplicity higher then 3, can placed 𝜂2 = 𝜂3 = 0 and this means that  

                                                𝑚 = −
𝑛

2
−

𝑜

3
−

𝑝

4
−

𝑞

5
−

𝑟

6
−

𝑠

7
                                                                                  

(3.3.1) 

                           𝑎 = −
𝑏

2
−

𝑐

3
−

𝑑

4
−

𝑒

5
−

𝑓

6
−

𝑔

7
−

ℎ

8
−

𝑖

9
−

𝑗

10
−

𝑘

11
−

𝑙

12
.                            (3.3.2) 

We measure 𝜂4 using (3.3.1) and (3.3.2). For this function Ϭ(𝑡), ϐ(𝑡) becomes 

𝛼(𝑡) = −
𝑏

2
−

𝑐

3
−

𝑑

4
−

𝑒

5
−

𝑓

6
−

𝑔

7
−

ℎ

8
−

𝑖

9
−

𝑗

10
−

𝑘

11
−

𝑙

12
+ 𝑏𝑡 + 𝑐𝑡2 + 𝑑𝑡3 + 𝑒𝑡4 + 𝑓𝑡5 + 𝑔𝑡6 +

ℎ𝑡7 + 𝑖𝑡8 + 𝑗𝑡9 + 𝑘𝑡10 + 𝑙𝑡11                                                                                                                  (3.3.3)  

𝛽(𝑡) = −
𝑛

2
−

𝑜

3
−

𝑝

4
−

𝑞

5
−

𝑟

6
−

𝑠

7
+ 𝑛𝑡 + 𝑜𝑡2 + 𝑝𝑡3 + 𝑞𝑡4 + 𝑟𝑡5 + 𝑠𝑡6                                (3.3.4)                                                                                                    

                 𝜂4: = {−
1

360
𝑏𝑜 −

5

1008
𝑏𝑟 −

𝑑𝑞

900
+

11𝑙𝑝

4160
+

3𝑗𝑟

2464
+

𝑘𝑞

528
+

125𝑘𝑟

94248
+

77𝑙𝑞

39780
+

55𝑙𝑟

39312
−

1

360
𝑏𝑜 +

1

360
𝑐𝑛 −

1

240
𝑏𝑝 +

1

240
𝑑𝑛 −

1

210
𝑏𝑞 −

1

560
𝑐𝑝 −

5𝑐𝑟

1512
−

𝑐𝑠

280
−

𝑑𝑟

560
−

27𝑑𝑠

12320
−

𝑒𝑟

1386
−

𝑒𝑠

840
−

5𝑓𝑠

10192
+

5𝑔𝑟

10192
+

5ℎ𝑟

6048
+

ℎ𝑠

2880
+

𝑖𝑟

945
+

3𝑗𝑟

2464
+ 

1

560
𝑑𝑜 +

1

210
𝑒𝑛 +

𝑖𝑠

1680
+

81𝑗𝑠

104720
−

1

360
𝑐𝑞 +

1

360
𝑒𝑜 −

5𝑏𝑟

1008
+

5

1008
𝑓𝑛 −

1

900
𝑑𝑞 −

5𝑐𝑟

1512
+

1

900
𝑒𝑝 +

5

1512
𝑓𝑜 +

5

1008
𝑔𝑛 −

𝑑𝑟

560
+

1

560
𝑓𝑝 +

1

280
𝑔𝑜 +

7

1440
ℎ𝑛 +

1

1386
𝑓𝑞 +

27

12320
𝑔𝑝 +

35

9504
ℎ𝑜 +

7𝑖𝑛

1485
+

𝑔𝑞

840
+

7

2880
ℎ𝑝 +

𝑖𝑜

270
−

𝑒𝑟

1386
+

𝑗𝑛

220
+

7ℎ𝑞

4680
+

21𝑗𝑜

5720
+

5𝑔𝑟

10192
+

𝑖𝑝

390
+

21𝑗𝑜

5720
+

5𝑘𝑛

1144
+

8𝑖𝑞

4725
+

5𝑘𝑜

1386
+

55𝑙𝑛

13104
+

5ℎ𝑟

6048
+

81𝑗𝑝

30800
+

125𝑘𝑟

94248
+

5𝑘𝑠

5544
+

55𝑙𝑟

39312
+

𝑗𝑞

550
+

7𝑘𝑝

2640
+

11𝑙𝑜

3120
+

𝑖𝑟

945
+

55𝑙𝑟

55328
} 
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Above expression become complicated, we take 𝑒 = 𝑓 = 𝑔 = ℎ = 𝑖 = 𝑗 = 0, 𝑘 = 0, 𝑛 = 𝑜 =
𝑝 = 𝑞 = 𝑟 = 0 for simplification and assume class in given theorem.                         

 

Theorem(3.5.1) 
Let 𝐶11,6 express of equations of  type 

𝑑𝑧

𝑑𝑡
= 𝛼(𝑡)𝑧3 + 𝛽(𝑡)𝑧2 

Where ∝ (𝑡) has degree 11 and 𝛽(𝑡) has degree 6 

𝛼(𝑡) = 𝑎 + 𝑑𝑡3 + 𝑏𝑡 + 𝑐𝑡2 + 𝑙𝑡11 
and  

                                                        𝛽(𝑡) = 𝑚 + 𝑠𝑡6 

Then 𝜇𝑚𝑎𝑥 𝐶11,6 ≥ 8. 
Proof 

Here we compute focal values, 𝜂𝑘 𝑘 = 2,3, . . ,8 for multiplicity of origin. Thus for given values 

we’ll use theorem (2.3.2) and  get 

                                          𝜂2 = 𝑚 +
𝑠

7
 

and  

                                            𝜂3 = 𝑎 +
𝑏

2
+

𝑐

3
+

𝑑

4
+

𝑙

12
 

Now multiplicity of origin 𝑧 = 0, is 𝜇 = 2 if 𝜂2 ≠ 0 and 𝜇 = 3 if  𝜂3 ≠ 0. To compute multiplicity 

of greater order we took 𝜂2 = 𝜂3 = 0 means that,  

                                               𝑚 = −
𝑠

7
                                                                                    (3.5.7) 

and 

                                           𝑎 = −
𝑏

2
−

𝑐

3
−

𝑑

4
−

𝑙

12
                                                                          (3.5.8) 

 

We use equation (3.5.7) and (3.5.8) to measure 𝜂4 and for this Type equation here. 

                                   𝛼(𝑡) = −
𝑏

2
−

𝑐

3
−

𝑑

4
−

𝑙

12
+ 𝑏𝑡 + 𝑐𝑡2 + 𝑑𝑡3 + 𝑙𝑡11                                           

(3.5.9) 

                                      𝛽(𝑡) = −
𝑠

7
+ 𝑠𝑡6                                                                           (3.5.10)  

                                          𝜂4 = −
1

27387360
𝑠(−27225𝑙 + 60021𝑑 + 97812𝑐 + 135850𝑏) 

Now if 𝜂4 = 0 i.e. 

                                           𝑠(−27225𝑙 + 60021𝑑 + 97812𝑐 + 135850𝑏) = 0 

Implies  𝑠 = 0 

or                    𝑏 = −
60021𝑑

135850
−

97812𝑐

135850
+

27225

135850
𝑙                                                         (3.5.11) 

 

If 𝑠 = 0 , by above equation (3.5.11) 𝛽(𝑡) = 0 and then 𝜂3 = 0 give average values of alpha zero 

then by use of corollary(2.4.3)  origin become center if 𝑠 = 0 hereafter we took 𝑠 ≠ 0. Thus   

    𝑏 = −
60021𝑑

135850
−

97812𝑐

135850
+

27225

135850
𝑙                                                                                                  

Thus 𝛼(𝑡) , 𝛽(𝑡) becomes  

𝛼(𝑡) = −
65

162
𝑐 −

43

3159
𝑖 + 𝑐𝑡2 + 𝑖𝑡8 −

3080

3159
𝑖𝑡9 −

55

81
𝑐𝑡9            

𝛽(𝑡) = −
𝑠

4
+ 𝑠𝑡3                                  

 𝜂5 =
1

1801079280
𝑠2 (−

269467𝑙

38
+

1248429

50
𝑑 +

685594

25
𝑐) 

If 𝜂5 = 0. 
Then       
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   𝑐 =
269467

38

25𝑙

685594
−

1248429

2
∗

𝑑

685594
                                 (3.5.12)                                                                               

Since 𝑠 ≠ 0 (proved). 

 using (3.5.12) to measure 𝜂6 , for this 𝛼(𝑡) , 𝛽(𝑡) becomes  

  𝛼(𝑡) = −
5282363

13082634
𝑐 + 𝑐𝑡2 −

9282

4985
𝑐𝑡8 −

90773

80757
𝑐𝑡9    

  𝛽(𝑡) = −
𝑠

4
+ 𝑠𝑡3                                   

    𝜂6 =(-4)/7408785083 𝑠3(−5269584943085𝑙 + 7337352624984𝑑) 
Furthermore if 𝜂6 = 0 

either 𝑠 = 0 

or    𝑑 =
5269584943085𝑙

7337352624984
                                                                                                        (3.5.13) 

Since 𝑠 ≠ 0 (proved)   so                

 𝑑 =
5269584943085𝑙

7337352624984
                    

 use (3.5.13) to measure 𝜂7. so 𝛼(𝑡) ,𝛽(𝑡) become 

𝛼(𝑡) =
611697949621363055

868553234230999720952
𝑠2 −

115800059485

66389859328
𝑠2𝑡2 −

107809042341

33194929664
𝑠2𝑡8 +

10511518809631905

5361445869751296
𝑠2𝑡9   

 𝛽(𝑡) = −
𝑠

4
+ 𝑠𝑡3                                   

      

     𝜂7 = −1/29774924 〖𝑙  𝑠〗
^2 (−985710539996679341958839520029774924996679985710539940336𝑠^2 +
13391988695211553597570748073255278968556782𝑙  
                 

If  𝜂7 = 0 then 𝑠 = 0 then  origin is center or 

l= 

  
      985710539996679341958839520029774924996679985710539940336

13391988695211553597570748073255278968556782
𝑠2 

so 

. 𝜂8

= 𝑠7
144838091235220350921412668372135171378877787558304802364113069322003489294457294259315641953532010509994338625197777798909219799417673695817

159944900006434535925325129618344488127242070518723986943521649437853326716610215238305712334488798427153040493750639966794870372
𝑠2 

Thus 𝜇𝑚𝑎𝑥(𝐶11,6) = 8 if all  𝑙, 𝑠 ≠ 0. 

 

Theorem (3.5.2) 

Consider  

                                                             
𝑑𝑧

𝑑𝑡
= 𝛼(𝑡)𝑧3 + 𝛽(𝑡)𝑧2                                                    (3.5.14) 

where 

 𝛼(𝑡) = (−
611697949621363055

868553234230999720952
𝑠2 −

5282363

13082634
𝜀1 −

43

3159
𝜀2 −

1

10
𝜀3) + (−

115800059485

66389859328
𝑠2 +

                  𝜀1) 𝑡
2 + (−

107809042341

33194929664
𝑠2 −

9282

4985
𝜀1 + 𝜀2) 𝑡

8 + (−
105115118809631905

5361445869751296
𝑠2 −

90773

80757
𝜀1 −                 

3080

3159
𝜀2 + 𝜀3) 𝑡

11+𝜀5 

 𝛽(𝑡) = −
1

4
𝑠 + 𝑠𝑡6 + 𝜀6 

If 𝜀𝑖, 1 ≤ 𝑖 ≤ 6, if we select  each non zero 𝜀𝑖 is smaller enough as correlate with 𝜀𝑖−1 then (3.3.14) 

has five real periodic solution that are non-trivial. 

Proof 

selected coefficients gives origin multiplicity, 𝜇 = 8, if 𝜀𝑖 = 0 , 1 ≤ 𝑖 ≤ 6. Chose 𝜀1 ≠ 0 and 
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 𝜀𝑖 = 0 for 2 ≤ 𝑖 ≤ 6 we obtain 

 𝜂2 = 𝜂3 = ………… = 𝜂6 = 0 but 𝜂7 ≠ 0 also 𝜂7 is constant multiple of 𝜀1, so 𝜇 = 7. 
Thus, multiplicity is decrease by 1. Then take 𝜀2 ≠ 0 , 𝜀3 = 𝜀4 = … . . = 𝜀6 = 0 ; we have  𝜂2 =
𝜂3 = ⋯ . . 𝜂5 = 0, 𝜂6 ≠ 0 and 𝜂6 is constant multiple of 𝜀2, so 𝜇 = 6. Here also multiplicity is 

decrease by one. 

If   𝜀2 is small enough, we have 2 real non trivial periodic solution. Continuing, we have 6 real, 

non-trivial periodic solutions. 

 

Corollary (3.3.5) 

With 𝛼(𝑡) , 𝛽(𝑡)  taken in theorem (3.3.2),  equation 

                                          
𝑑𝑧

𝑑𝑡
= 𝛼(𝑡)𝑧3 + 𝛽(𝑡)𝑧2 + 𝛫𝑧 + £.                                                    (3.5.15) 

has 8 periodic solutions provided that £ and 𝛫 are  very small . 

Proof 

If 𝛫 = 0, £ = 0 and 𝜇 = 2 then equation (3.5.15) has six real solutions, these solutions are also 

periodic If£ is not equal to ‘0’ then 𝜇 = 1 andthenby same logic used in above theorem we obtain 

seven real periodic solutions. As  𝑧 = 0 is another solution so we obtain eight real periodic 

solutions.  

 

3.3.6 Periodic Solutions of 𝐶17,1 

 

Assume 𝐶17,1 is class of equation of form  

𝑑𝑧

𝑑𝜏
=  𝔖1(𝜏)𝘻

3 +𝔙1(𝜏)𝘻
2 

Degree of 𝔖1(𝜏) is seventeen and 𝔙1(𝜏) is one respectively  

𝔖1(𝜏) = 𝘢 + 𝘤 𝜏2 + 𝘥𝜏3 + 𝘦 𝜏4 + 𝘧𝜏5 + 𝘳 𝜏17 

𝔙1(𝜏) = 𝘴 + 𝘶𝞽 

using theorem (2.3.2) 

Պ2 = 𝘴 +
1

2
𝙪 

and 

Պ3 ≔ 𝔞 +
1

2
𝔟 +

1

3
𝔠 +

1

5
𝔢 +

1

6
𝔣 +

1

15
𝔬 

𝜇 = 2  is multiplicity of origin  if Պ2 ≠ 0 and 𝜇 = 3 if Պ2 = 0 and Պ3 ≠ 0. For multiplicity of 

origin greater then 3, we put  Պ2 = Պ3 = 0, this gives  

   𝔭 = −
1

2
𝔮          (3.3.1) 

and 

   𝔞 = −
1

2
𝔟 −

1

3
𝔠 −

1

5
𝔢 −

1

6
𝔣 −

1

15
𝔬               (3.3.2) 

 using (3.3.1) and (3.3.2)  calculate Պ4. Then 𝛼1(𝜏) and 𝛽1(𝜏) becomes 

                                          𝛼1(𝜏) −
1

2
𝔟 −

1

3
𝔠 −

1

5
𝔢 −

1

6
𝔣 −

1

15
𝔬 + 𝔣𝜏5 + 𝔬𝜏14                                                 

(3.3.3) 
And 

 𝛽1(𝜏)  = −
1

2
𝔮 + 𝔮𝞽      (3.3.4) 

     Պ4 ≔ 
91

24480
𝔬𝔮 +

5

1008
𝔣𝔮 +

1

210
𝔢𝔮 +

1

360
𝔠𝔮 

which is complicated , for simplicity we take = 0, 𝑔 = 0, 𝑖 = 0, 𝑗 = 0, 𝑘 = 0. See next 

theorem. 

Theorem (3.3.6): 
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Let 𝐶14,1  class of equations of  type 

 
𝑑𝑧

𝑑𝑡
= 𝛼1(𝜏)𝑧

3 + 𝛽1(𝜏)𝑧
2 

where 𝛼1(𝜏) , 𝛽1(𝜏) are of degree fourteen and one respectively . 

 

   𝛼1(𝜏) = 𝔞 + 𝔟𝜏 + 𝔠𝜏2 + 𝔢𝜏4 + 𝔣𝜏5 + 𝔬𝜏14 
And            

   𝛽1(𝜏) = 𝔭 + 𝔮𝞽 

Then 𝜇𝑚𝑎𝑥𝐶14,1 ≥ 10. 

Proof: 

To find  maximum multiplicity of origin, we calculate  focal values, ɳ𝑘, 𝑘 = 2, 3, … ,10 , using 

theorem (2.3.2)  

      ɳ2 = 𝔭 +
1

2
𝔮 

and  

 ɳ3 = 𝔞 +
1

2
𝔟 +

1

3
𝔠 +

1

5
𝔢 +

1

6
𝔣 +

1

15
𝔬 

Now multiplicity of origin = 0 , 2 if ɳ2 ≠ 0 and 3 if ɳ2 = 0 and Պ3 ≠ 0. To calculate  multiplicity 

of  higher order, take Պ2 = Պ3 = 0, gives 

   𝔭 = −
1

2
𝔮              (3.3.5) 

and 

   𝔞 = −
1

2
𝔟 −

1

3
𝔠 −

1

5
𝔢 −

1

6
𝔣 −

1

15
𝔬                 (3.3.6) 

𝑡ℎ𝑒 𝑢𝑠𝑒 𝑜𝑓 (3.3.5) , (3.3.6) we compute Պ4 and for this 𝛼1(𝜏) and 𝛽1(𝜏) grow to be 

    𝛼1(𝜏)  = −
1

2
𝔟 −

1

3
𝔠 −

1

5
𝔢 −

1

6
𝔣 −

1

15
𝔬 + 𝔟𝜏 + 𝔠𝜏2 + 𝔢𝜏4 + 𝔣𝜏5 + 𝔬𝜏14  (3.3.7) 

             𝛽1(𝜏) = −
1

2
𝑞 + 𝑞t           (3.3.8)  

    

   Պ4 =
1

171360
𝔮(637𝔬 + 850𝔣 + 816𝔢 + 476𝔠) 

Now if Պ4 = 0 i.e. 

    𝔮(637𝔬 + 850𝔣 + 816𝔢 + 476𝔠) = 0 

Implies  

    𝔮 = 0 
Or            

   𝔠 = −
637

476
𝔬 −

850

476
𝔣 −

816

476
𝔢 

If 𝔮 = 0  gives 𝛽1(𝜏) = 0 ,also Պ3 = 0 gives mean value of alpha zero therefore , origin is  centre 

if  𝔮 = 0, hence  𝔮 ≠ 0 but 

𝔠 = −
637

476
𝔬 −

850

476
𝔣 −

816

476
𝔢                    (3.3.9) 

thus            

 Պ5 = −
1

16279200
𝔮2 (−1001 𝔬 −

1615

7
𝔣 −

646

7
𝔢) 

If Պ5 = 0 then 

   𝔬 =
207333

175214
𝔣 −

305877

175214
𝔢                 (3.3.10) 

using (3.3.10)  

    Պ6 = −
1

13294931569920
𝔮 (5𝔣 + 2𝔢 )(175214𝔢 + 305877𝔮2 + 207333𝔣) 

 if Պ6 = 0 then           

                             𝔮 = 0            or 

𝔢 = −
207333

175214
𝔣 −

305877

175214
𝔮2                 (3.3.11) 
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 𝔮 ≠ 0 (already proved) 

hence we take  

    𝔢 = −
207333

175214
𝔣 −

305877

175214
𝔮2               (3.3.12) 

using (3.3.12) 𝛼1(𝜏)   and 𝛽1(𝜏) become 

𝛼1(𝜏)   =
136056591

157571456
𝔮2 +

90704394

39392864
𝔟 −

1

4
𝔣 + 𝔟𝜏 −

1604097

803936
𝔮2𝜏2 −

4277592

403936
𝔟𝜏2 + 𝔢𝜏4

−
243045

229696
𝔮2𝜏4 −

224575

28712
𝔣𝜏5 −

9673191

9848216
𝔮2𝜏14 +

13597688

9848216
𝔬𝜏14 

   𝛽1(𝜏) = −
1

2
𝔮 + 𝔮𝞽 

                      Պ7 =
31

82371337144482108314592000
𝔮2(−9867𝔮2 +

7442𝔣)   (637350054273882𝔣 +          4186125803466321𝔮2 + 3410988726685540𝔟) 
 

In addition if Պ7 = 0 then 

  𝔟 = −
637350054273882

3410988726685540
𝔣 −

4186125803466321

3410988726685540
𝔮2              (3.3.13) 

as 

                       𝔮 ≠ 0 (already proved) 

Now using (3.3.13) 

    𝛼1(𝜏)  =
50329652506747317396

649348426300987400960
𝔮2 −

24836400346231503176

649348426300987400960
𝔢 −

5626590692081

16483910037640
𝔮2𝜏 +

                   
1515921116556

16483910037640
𝔢𝜏 +

8668548990288829877064192

5352963386251339730493440
𝔮2𝜏2 −

6484492040811013152

6658444684964151040
𝔢𝜏2 +

                 𝔢𝜏5 +
1213496687161813850

47343505000719680
𝔮2𝜏4 −

340437984750563700

47343505000719680
𝔢𝜏4 −

                   
235960634955530417968

162337106575246850240
𝔮2𝜏5 +  

20613022375540122528

162337106575246850240
𝔡𝜏14  

 

   𝛽1(𝜏)  = −
1

2
𝔮 + 𝔮𝞽 

           𝜂8 =
31

768892782091429236938444063863808776699573509120000
 𝔮(−9867𝔮2 +

                7442𝔣)(−138571494210023177354156593995473232123𝔮4 −
                116998768584073869777673241434463898588𝔣𝔮2 +
                24717576148563633438618600866709573020 𝔣2) 
 

if Պ8 = 0 then   

   𝔣 = −
9867

7442
𝔮2                 (3.3.14) 

as 

   𝔮 ≠ 0 (already proved) 

Now using (3.3.14) 

     Պ9 = −
1

14372676750276471668995489536000
𝔮5(1083352667357056762093107680  +

             180462811529568144522273𝔮3) 
 

 Պ9 = 0 gives 

   𝔮 = −
9356203658685600

103820005673879
              (3.3.15) 

as 

                          𝔮 ≠ 0 (already proved) 

 we compute Պ10,where 
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𝛼1(𝜏)

=
3202691933939614853691507761852340147907068571576934400000

4309420939104419877798496448126324180384838309082007040

−
541116574489317992540752976105553422486400000

177673366874084660735351190027911715967240
𝜏

+
3795788552128797823594350165425144665854046719415540831969269530571571200000000000

236541961715706244070542555468513762703038044520801095024345442762526451302400
𝑡2

−
19728649854031346140124859245170560000

6636530966361205395210860259556674
𝜏4

+
72122286451423175623175623730611556583642087609917534976000000

314196636993352738040063171051448045213967747144320
𝜏5

−
13124640668588878026994175678003748642022734850637414400000

1077355234776104969449624112031581045096209577270501760
𝑡14 

 𝛽1(𝜏)  = −
1

2
𝔮 + 𝔮𝞽 

 Պ10 = −
273957851680204786242165472543683029

67217290298886375261175088099076092160000
𝔮9 

 

which is constant number. Hence we get the multiplicity 𝜇𝑚𝑎𝑥𝐶14,1 ≥ 10 for class 𝐶14,1. 

 

Theorem (3.3.2) 
Assume equation 

  
𝑑𝕫

𝑑𝜏
= 𝛼1(𝜏)𝕫

3 + 𝛽1(𝜏) 𝕫
2               (3.3.14) 

 

where 

 𝛼1(𝜏) = (
3202691933939614853691507761852340147907068571576934400000

4309420939104419877798496448126324180384838309082007040
+

36586076045969957885439040

399812916951486156594685440
∈1−

24836400346231503176

649348426300987400960
∈2+

90704394

39392864
∈3−

933

2156
∈4−

1

7
∈5−

1

8
∈6+∈7) + (

541116574489317992540752976105553422486400000

177673366874084660735351190027911715967240
−

6181466264115

16483910037640
∈1+

1515921116556

16483910037640
∈1+∈2) 𝜏 +

(
3795788552128797823594350165425144665854046719415540831969269530571571200000000000

236541961715706244070542555468513762703038044520801095024345442762526451302400
−

43361338363811790711956989240254767494225920000000

21945531205089763170345361525029779854185096806400
∈1−

6484492040811013152

6658444684964151040
∈2−

4277592

403936
∈3+

∈4) 𝑡
2 + (−

19728649854031346140124859245170560000

6636530966361205395210860259556674
−

225371

615714
∈1+∈2) 𝑡

4 +

(
72122286451423175623175623730611556583642087609917534976000000

314196636993352738040063171051448045213967747144320
+

823891748300368344471600

29150058838013117051520
∈1−

340437984750563700

47343505000719680
∈2−

224575

28712
∈3+

35

66
∈4+∈5) 𝑡

5 +

(−
13124640668588878026994175678003748642022734850637414400000

1077355234776104969449624112031581045096209577270501760
−

149929843856807308712007040

99953229237871539148671360
∈1+

20613022375540122528

162337106575246850240
∈2+

13597688

9848216
∈3+

796

1617
∈4−

16

35
∈5+

∈6) 𝜏
14 

𝛽1(𝜏) = −
1

2
𝔮 + 𝔮τ +∈8 

with 𝔮 ≠ 0. 

If ∈𝑖, 1 ≤ 𝑖 ≤ 8 are selected to be non zero and every ∈𝑖 is relatively small in comparison with 

∈𝑖−1 , then the solution of (3. 3. 14) will be  eight non trivial real periodic solution. 

Proof: 
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The coefficients are chosen such that origin multiplicity 𝜇 is 10 if ∈𝑖= 0 for 1 ≤ 𝑖 ≤ 8. Select 

𝜉1 ≠ 0 but ∈𝑖= 0 for 2 ≤ 𝑖 ≤ 8, then we can check that 𝜂2 = 𝜂3 = ⋯ = 𝜂6 = 0 but 𝜂9 is constant 

multiple of ∈1. Hence 𝜇 = 9.So the multiplicity is decrease by one. Next alongside ∈2≠ 0, by 

∈3=∈4= ⋯ =∈8= 0, we have 𝜂2 = 𝜂3… = 𝜂7 = 0 but 𝜂8 ≠ 0, and also 𝜂8 is constant multiple 

of ∈2, so 𝜇 = 8. Thus multiplicity is again decrease by one. 

If ∈2 is little enough there will be two non trivial periodic solutions. By carry on this procedure, 

we will get eight real non trivial periodic solutions. 

 

Corollary (3.3.3): 

In (3.3.2) with given 𝛼1(𝜏)and 𝛽1(𝜏) the following equation 

     
𝑑𝕫

𝑑𝜏
= 𝛼1(𝜏)𝕫

3 + 𝛽1(𝜏)𝕫
2 + 𝛶𝕫 + 𝜻                

(3.3.15) 
have ten real periodic solutions if Type equation here. and 𝜻 are small enough. 

Proof: 

If 𝛶 = 0, 𝜻 = 0 and 𝜇 = 2 then the equation (3.3.15) has eight real periodic solutions. If 𝛾 is non 

zero then 𝜇 = 1 and then by the same arguments used in above theorem we have nine real periodic 

solutions. Since  𝕫 = 0 is another solution therefore we have ten real periodic solutions. 

3.6 Conclusion  

In this thesis, intermittent arrangements are determined. The arrangements fulfilling z (β) = z (0), 

are called periodic solution of equation (1.1). A limit cycle is a periodic solution separated from 

all intermittent circles of the planar differential framework. We discovered occasional answer for 

arithmetical coefficients for classes 𝐶11,4, 𝐶11,5, 𝐶11,6, 𝐶17,1. We have most extreme variety 10 of 

class 𝐶17,1 by utilizing traditional method. Since the arrangement of Hilbert's sixteenth issue is as 

yet distant, glancing through more breaking point cycles and heighten the overall upper limits 

could be a productive decision in moving toward the issue. 
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