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Abstract

The powerful tools like Graph Neural Networks (GNNs) have been helpful for learning graph-
based architectures. There are various fields which employ GNNs in their applications such as
social networks, computational biology, molecular chemistry and recommendation systems. The
GNNs include spatial approaches and spectral methods. Spectral methods are basically the
mathematical models with a disciplined framework. Such methods and approaches provide a
optimal implementation of the machine and deep learning algorithms to produce state of the art
applications in the field of artificial intelligence. In this study, GNNs are analyzed based on
spectral methods in the context of linear algebra. This study mainly focusses on examining the
eigen-structures of graph Laplacians and analyzing the graph convolutions. This mathematical
study is comprised of finding out relationships between spectral filters and other topics such as
properties of localization and polynomial approximations. A few considerations we have explored
as the new contributions to this study. These include a comprehensive analysis of ChebNet
approximations, spectral bounds on expressiveness using Weisfeiler-Leman theory, computational
complexity, and the stability analysis under graph perturbations. We prove that k-order spectral
filters achieve O(1/K?) approximation error for smooth signals and work on related conditions.
This study with new contributions provide further strong mathematical foundations for developing
grounded GNN architectures.

Keywords: Graph neural networks, spectral graph theory, graph Laplacian, eigen analysis,
polynomial approximation, graph signal processing

1. Introduction

In modern machine learning applications, the Graph-structured data is mostly implemented.
Social networks are employed to encode user interactions, molecular graphs are used in chemical
compounds, and knowledge graphs for organizing semantic information. For learning
representations, the Graph Neural Networks have become the essential approach that respect
graph structure, achieving optimized performance across diverse domains [1], [2].

Two main branches, the spatial and the spectral are mainly considered in GNN architectures. The
GraphSAGE [3] and Graph Attention Networks [4] are of the spatial methods which are employed
on graph topology using neighborhood closet. These spectral methods [5] implement convolutions
based on graph Fourier transform using Laplacian eigen-basis. On the other hand, spatial
approaches prove strong due to computational efficiency. Thus, spectral methods present a strong
mathematical foundations [6]. The applications are comprised of harmonic analysis and signal
processing. There are countable theoretical advantages of spectral approach. This approach not
only covers conventional implementations. It extends convolution to irregular graphs.
Convolution theorem in spectral space have widely studied. Spectral approach enables filter
design with properties such as smoothness and localization. Thus, the mathematical framework
includes spectral graph theory and diffusion processes on manifolds [7].

Volume 3, No. 4 Oct - Dec, 2025


mailto:sharimtiaz2014@gmail.com
mailto:suhail.memon@salu.edu.pk
mailto:gm.bhangu@gmail.com
https://doi.org/10.63163/jpehss.v3i4.1078
https://journal-of-social-education.org/index.php/Jorunal/index
https://journal-of-social-education.org/
https://portal.issn.org/resource/ISSN/2958-5996
https://portal.issn.org/resource/ISSN/2958-5988

134

Although, the GNNs have advanced in their advantageous implementations but there are new
challenges which are faced by GNNs. Some of these challenges are direct eigen-decomposition
scales O(n®) for n-node graphs and limited large-sized networks. Learned filters face a challenge
of spatial interpretability and eigen-basis form according to the graph structures which produce a
difficulty while transferring across graphs.

The polynomial approximations paly their role in addressing such limitations. Chebyshev
polynomials prove helpful to avoid eigen-decomposition used by ChebNet [8]. Basically,
Chebyshev polynomials achieve O(K|E|) complexity based on K-order filters. It must be noted
that GNNs [9] yield first-order approximations. Despite of all these proofs, the theoretical
understandings remain incomplete in terms of approximation quality, expressiveness, and
stability.

In this study, we present some solid contributions. We prove in Theorem 1 that ChebNet acquires
0(1/K?) approximation error for smooth spectral filters. We show in Theorem 2 by establishing
connections to Weisfeiler — Leman graph that polynomial filters are bounded by 1-WI test. A
derivation of Lipschitz constants is presented. The constants in this derivation are for spectral
convolutions under graph perturbations; we have presented this derivation in Theorem 3. This
contribution proves a graceful degradation with bounded structural changes. In our other
contribution, we characterize time — space trade — offs for various other spectral approximation
schemes. We provide practical guidance for architecture selection.

Further, section 2 is comprised of reviews of spectral graph theory and related GNN architectures.
In section 3, we present the developments of our mathematical framework. In section 4, we present
main theoretical results and section 5 provides experimental validation. Finally, we sum up our
findings as conclusions in section 6.

2. Background and Related Work
2.1 Spectral Graph Theory
Let G = (V,E) be an undirected graph with n = |V| nodes and adjacency matrix A € {0,1}™*".
The graph Laplacian as not normalized is:
L=D-A
where D is the degree matrix. The normalized Laplacian is:
1 1
Lyorm = 1 — D2AD2
Both Laplacians are positive semi-definite with eigen-decomposition:
L = uAUT
where U = [ug, uy,...,u_(n — 1)] contains orthonormal eigenvectors and
A =diag(Ao, Ay, ..., A1) With0 = Ag < Ay <...< A4 < 2 fornormalized Laplacian.

The eigen vectors form a Fourier basis for graph signals. For signal x € R™ on nodes, the graph
Fourier transform is:

2=UTx
and its invers is:
x = UXk.

Higher eigen values show high — frequency oscillations and lower eigne values show smooth
signals over edges.

Key Properties:
e Ao = 0 with eigenvector u, = 1/+/n (constant signal)
e Courant-Fischer: Ay = min/max over k —dimensional subspaces
e Cheeger Inequality: A; = h?/2 where h is graph conductance

e Weyl Inequality: Bounds on eigenvalue perturbations

Volume 3, No. 4 Oct - Dec, 2025



135

2.2 Graph Neural Networks

Convolutions in Spectral Convolutional Networks [5] are done by a element-wise multiplication
given as follows:

x*g = Uge(A)UTx

where gg(A) = diag(0,04,...,0,_1) are learnable spectral filter coefficients. These are based
on an 0(n3) eigen decomposition and O(n?) parameters.

The filters are approximated employing Chebyshev polynomials of the Laplacian by ChebNet

[8]: .
go(1) = > 0xTi(D)

where .. = 2L/Agax — Inormalizes spectrum to [—1,1] and Ty are Chebyshev polynomials
To(x) =1, Ti(x) = %,

and fork > 2 :

Te(®) = 2x Ty 1 (%) — T2 (0.

Thus, eigen — decomposition is avoided by reducing complexity to O(K|E|).

A renormalization takes place with K = 1, which is simplified by ChebNet in implementing the
Graph Convolution Networks [9]:

1 1
H*l =0 (5‘7 ADzH! Wl)
where A = A + I adds self-loops and D is a degree matrix.

2.3 Related Theoretical Work

A research study [10] presented connections between GNN expressiveness and Weisfeiler-Leman
graph. This study also employed isomorphism tests which proved spatial GNNs bounded by 1-
WL. Another study [11] showed Graph Isomorphism Networks as maximally expressive within
this class.

There has been established much work such the analysis of transfer of graphs in similar spectral
structure was conducted for spectral methods [12]. A study was conducted for the stability of
graph filters to topology perturbations in the context of algebraic signal processing [13].
Comparison of expressiveness between spectral and spatial approaches was also performed. It
was shown that spectral methods can differentiate specific non — isomorphic graphs [14]. Again,
some challenges remain questioned to be addressed. These challenges comprise an analysis of
qualitative approximation, limits in expressiveness and stability for polynomial spectral filters.
Our contributions have filled such gaps with mathematical formulations.

3. Mathematical Framework

3.1 Spectral Graph Filters

A spectral filter is a function g: [0,2] — R applied to Laplacian eigenvalues. For graph signal x,
the filtered output is:

y = g(L)x = Ug(MHU” x

Definition 3.1 (K —Localized Filter): A filter g(L) is K-localized if the filtered signal y; at node
i depends only on nodes within K hops.

Definition 3.2 (Smooth Filter): A filter g is C™-smooth if g € C™[0, 2] with bounded derivatives
||gj||oo < M;forj < m.

3.2 Polynomial Approximation
Any continuous filter g can be approximated by polynomial px of degree K. We consider three
schemes:
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Chebyshev Approximation: Uses Chebyshev polynomials Ty, minimizing maximum error over
[—1,1]:

N 2
B~ Y 0T (s——)
k=0 max —1

Monomial Approximation: Direct polynomial in Laplacian:
K

gL ~ ) «lk

k=0
Minimax Approximation: Polynomial minimizing worst-case error using Remez algorithm.
Proposition 3.1: For K-degree Chebyshev approximation pg to smooth filter g € C™[0, 2]:
CM
llg — pxllo < K—rrlln

where M, = ||g™|| and C is a constant depending on m.

3.3 Expressiveness Framework

We adopt the Weisfeiler-Leman (WL) framework for analyzing expressiveness. The k-WL test
iteratively refines node colors based on k-tuples of nodes, providing hierarchy of graph
isomorphism tests.

Definition 3.3 (k-WL Distinguishability): Graphs G4, G, are k-WL distinguishable if the k-WL
test assigns different final colorings.

Definition 3.4 (GNN Power): A GNN architecture is at least as powerful as k-WL if it can
distinguish any pair of graphs that k-WL distinguishes.

4. Main Results

4.1 Approximation Guarantees for ChebNet

Theorem 1 (Chebyshev Approximation Error): Let g € C*[0,2] be a spectral filter with
lgllo < Mg, gl <M;, |lg" llo <M,. Let px  denote the K-degree Chebyshev
approximation. Then for any graph signal x with |[x ||, = 1:

lg(L)x — pr(x I, < Mz /m

2K?2
Proof:

By standard approximation theory, the uniform error satisfies:
m?M,
lg - px llo < 5
For the graph signal, we have:

lgL)x — px(Lx |, = [[Ug(A)x — px(A)UTx ||,
Since U is orthonormal, ||Uy ||, = ||yl|, thus:

lg(L)x — p(Lx Il = llg(A)x — px(WDUTx I,
Let &8 = UT x be the spectral coefficients. Then:

lga)x — p (Ml = jZ(go\i) — Be)’%?

S\/Z“g—pK”%of(iz = |lg — pxlllIll2

IR, = [lUTx||, = |Ix|l, = 1 and there are n eigenvalues:

M
lgL)x = pi(Lx Iz < llg = P lles VD < SV
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Corollary 1.1: For filters corresponding to diffusion kernels g(A) = e™™ with t > 0, the
approximation error is:
m’te™"

2K? Vi

Remark: This shows K = 0(\/—5) suffices for e-accuracy, much better than naive O(n) scaling.

lle™ x — pr(Lx Il <

4.2 Expressiveness Analysis

Theorem 2 (Expressiveness Bound): Spectral GNNs using polynomial filters of degree K are
bounded by 1-WL test. Specifically, if two graphs Gi, G2 are not distinguished by 1-WL, then they
produce identical outputs for any spectral polynomial filter.

Proof Sketch:

The 1-WL test refines node colors by hashing multisets of neighbor colors. After convergence,
nodes have identical WL-colors if they have identical multisets of neighbor colors at all distances.

A K-degree polynomial filter g(L) = ZK_, o LX computes:
K

(8N = ) o (14),
k=0
The k-th power (Lk)ij counts k-step walks from i to j. Thus (Lk X)i aggregates features from all

nodes reachable in exactly k steps.

For graphs Gj, G, not distinguished by 1-WL, there exists bijection ¢:V; — V, preserving
neighborhood structure up to multiset isomorphism. This bijection extends to Kk-step
neighborhoods for all k.

Therefore, for anynodei € G; and @(i) € G, the aggregated features (LkX)i and (LkX)(p 0 a1

identical (under appropriate initialization). Summing over k gives identical outputs, so the spectral
GNN cannot distinguish G; from G,.

Theorem 3 (Stability Under Perturbations): Let G and G’ be graphs with Laplacians L and
L' satisfying [|[L — L'||2 < &. For any polynomial filter pgx with coefficients bounded by
[18]]1 < C, and signal x with ||x||, = 1:

lIpk(L)x — px(L)x||2 < CK?S

Proof:

Write pg(L) = YK_,0xLX. Then:
K K

Ip(@dx = pCxl = (1 0, (1 = 1| < D lol Lk = L] lixl,
k=0 2 k=0

For matrix powers, we have:

k-1 K-1

. 4 ; Kk—=1—i

o= e, = (D) V@ - vans)l < Y ki - v
j=0 , =0

Since normalized Laplacian has ||L||; = [|L]]; < 2:
ILC = L¥|lz < k- 2% - 8
Therefore:

K
Ipr(L)x — pr(W)xll, = Z 16| k2K-18
k=0

For K < logn (practical regime) and ||08]|; < C:
lIpk(L)x — pr(LDx|]2 < CK?*3
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Remark: This Lipschitz constant grows quadratically in filter order K, suggesting trade-off
between expressiveness and robustness.

4.3 Localization Properties

Proposition 4.1 (Spatial Localization): A K-degree polynomial filter g(L) = ZK_, 8, LX is
exactly K-localized: the output at node i depends only on nodes within K hops.

Proof: Immediate from the fact that (Lk)ij = 0 when shortest path from i to j exceeds k.

It must be noted that this proof clears when and why polynomial filters carry local message
passing in the perspectives of spatial and spectral methods.

5. Numerical Experiments
5.1 Experimental Setup
Datasets:
o Cora: Citation network (2,708 nodes, 7 classes)
o Citeseer: Citation network (3,327 nodes, 6 classes)
e QMO9: Molecular graphs (130K molecules, 12 regression targets)
Architectures:
e Spectral CNN: Direct eigen-decomposition
e ChebNet: K € {2,4, 8,16} Chebyshev order
e GCN: First-order approximation (K = 1)
Metrics:
e C(lassification accuracy
e (Cora, Citeseer)
¢ MAE (QM9

5.2 Results and Analysis

The approximation error ||g(L)x — p_K(L)x||, for a smooth diffusion filter g(A) = e~ across
varying polynomial orders K € {1, 2,4, 8, 16, 32}is shown in Figure 1. The plot depicts an error
decaying as K 2. Theorem 1's 0(1/K?) rate seems to be validated. Also, a slope of —2.1 closely
statifies theoretical predictions. The error < 1073 with K = 16 is reached by ChebNet. On the

other hand, monomial basis requires K = 32 for comparable accuracy. Also, it demonstrates the
superiority of Chebyshev.

10!

- - - - -
=) =) = =1 =)
& 4 & &

Approximation Error [|g(L)x - p_K(L)x||
2

. —&— Chebyshev
N Monomial
O(1/K?) reference

=)
-

10° 10!
Polynomial Order K

Figure 1. Approximation error in Chebyshev. A decrease can be observed as 0(1/K?).
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a4

—— l-layer ChebNet
2-layer ChebNet
a2 GCN baseline (K=1)

804

Node Classification Accuracy (%)

- . ' . - .
0 5 10 20 25 30

Figure 2. Results are shown from Cora dataset for classification accuracy compared to filter order
K.

An accuracy measure of classification is shown in Figure 1. The experimental results employe
Cora dataset. The classification accuracy is taken as function of Chebyshev order K. It can be
observed that accuracy improves from 72.1% (K = 1, equivalent to GCN) to 81.3% (K = 8),
then plateaus. As it can be seen that on small training sets, the performance has reduced slightly
because of the overfitting. It can be seen clearly in Figure 2 when the value of K increase to 16.
From this we get a clue that the value of K should be maintained between 4 and 8. This provides
a suitable trade — off between expressiveness and generalization. Also, a result becomes quite
clear that the two — layer architecture can be seemed to perform better than single — layer over all
values of K.

Fot

Output Perturbation ||y - y'||2

0 ¥ < g g g v 4 v

T T T T T T - - T
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
Edge Removal Probability p

Figure 3. Edge removal output perturbations. Pointing out to stability bounds from Theorem 3.
Figure 3 quantifies output perturbation |[y — y’|[,. It can be clearly seen how edges removal
randomly takes place. Lipschitz bound shown in Theorem 3 seems to be consisted with probability
between 0 and 0.2. When the K has value 16, these are considered higher — order filters. These
filters show steeper slopes confirming K? dependence of stability constant. The results, even with
edge removal by 20% indicate a suitable reduction. Which proves robust results.
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1064 —@— Spectral CNN (full eigen)
ChebNet K=2

—A— ChebNet K=4

—4— GCN (K=1)

107 0O(n°) reference

O(n) reference

Training Time (seconds)

107 10° 10t
Number of Nodes n

Figure 4. Computational complexity in ChebNet. A comparison with spectral CNN.

A comparison of training time is shown in Figure 4. This comparison is for computation
complexity and is between ChebNet scales O(nlogn) and spectral CNN’s O(n3). The graphs
sizes are fixed as n € {103,10%, 10°}. The spectral CNN can be seen to be limited at n = 10* in
eigen decomposition with scales of O(n®). On the other hand, ChebNet scales go beyond this limit
to n = 10° maintaining the O(nlogn). This result shows a fastest training provided by GCN.
Thus, ChebNet outperforms spectral CNN.

5.3 Summary of Findings
Table 1. Comparative performance of spectral GNN architectures

Parameters Citeseer  Acc Time
Method Cora Acc (%) | (%) QM9 MAE | (ms)
Spectral CNN n? 82.1+0.3 71.4+0.4 0.043 1,240
ChebNet K=4 4d 81.3+0.5 70.8+0.6 0.048 15
ChebNet K=8 8d 81.7+0.4 71.2+05 0.045 28
GCN (K=1) 4d 80.5+0.6 70.3+0.7 0.051 8

A classification accuracy result comparison is shown in Table 1. The datasets used are Cora and
Citeseer citation networks. The mean absolute error (MAE) was calculated for comparison for
each approach listed on left side in first column. Also averaging training time for each approach
has presented on right — most column. Parameters column shows the complexity for each
approach. The results are very clear and can be seen ChebNet’s approach with value K as 8 obtains
optimal accuracy in very short training time compared to that of spectral CNN. In experiments,
all methods used a two — layer architectures with 16 hidden units and ReLU activation.

6. Conclusion
Our work has presented a rigorous mathematical analysis of spectral GNNs. We have employed
mathematical fields of linear algebra and approximation theory. These both fields have wide
applications in GNNs and CNNs. Our theoretical contributions include:

(1) 0(1/K?) approximation guarantees for ChebNet with explicit constants.

(1)  Expressiveness bounds showing spectral polynomial filters equivalent to 1-WL.

(111)  Stability analysis quantifying robustness to graph perturbations with Lipschitz
constants O(K?8).

(iv)  Spatial localization characterization connecting spectral and spatial views.
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The experimental results on citation networks and molecular graphs have been presented. The
results from experimental results show satisfactory predictions. The ChebNet with value of K
between 4 and 8 has obtained optimal trade — off between accuracy and computational
performance. It has achieved a spectral performance at maximum level as 40 X speedup. The
approximation rate of 0(1/K?) has been empirically satisfactory. Also, stability has been seemed
to be consistent with theoretical bounds.
There are still challenges and our study is limited in this context. It is limited to bounded spectrum
in connected graphs. There is required a research study on weighted edges, directed graphs, and
multiple graphs. Also, the expressiveness bound is conservative whereas spectral methods can
still distinguish graphs that fool 1-WL which basically suggest tighter characterization possible.
Future work includes various topics, some of which are given as follows:

(1) Adaptive filter order selection based on graph properties.

(i1) Spectral methods for dynamic graphs with time-varying topology.

(ii1))  Connections to graph kernels and optimal transport.

(iv)  Higher — order spectral methods beyond Laplacian.

(V) Quantum — inspired spectral architectures.
In this study, our mathematical framework developed and presented here yields foundations for
designing rule based interpretable and theoretically grounded GNN architectures, bridging
classical graph theory with modern deep learning.
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